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Abstract. Studies of many real world networks show that geographical factors play a signifi-
cant role. However, existing models for small-world properties and power-law degrees don’t fully
consider these geographical factors. We propose a general model for small-world and power-law
features which also considers geographical factors, including the distance-bias tendency (links tend
to favor closer distances) and the property of bounded growth in neighborhood expansion. Our
refined model combines a growth bounded base graph with a distance-bias distribution of random
links. We show when the small-world effect may occur and how the diameter changes depending
on the coordination between the distance-bias parameter and the two bounded growth parameters.
This helps explain why the Internet graph is considered as a small-world with low diameter, but
is locally growth bounded. We develop analysis techniques for graphs with non-uniform random
links, including a fractal-based analysis. We also discuss future work on applications to network
design, where our models help augment networks for improving routing and other related issues.

1 Introduction

A large inter-disciplinary community is actively studying real-world complex networks. In 1967, Mil-
gram confirmed folklore, that we live in a small-world where two strangers are linked by a short chain
of acquaintances. In 1998, Watts and Strogatz [27] produced a graph model for small-world networks,
which has small diameter (i.e. paths between any two nodes require only a few hops) and high clustering
coefficient (two nodes with a shared neighbor are likely connected by a link). These small-world prop-
erties occur in many large-scale networks such as social networks, biological networks and the Internet.
The power-law feature of vertex degrees has also been widely recognized as a common property. For
example, the distribution of vertex degrees in the Internet topology (at both inter-domain & router
levels) has a power-law shape [8]. An extensive review can be seen in, e.g., [21].

Good models can give insights into the mechanisms underlying those common phenomena and
features and can also influence network design and help control the networks. We are developing new
graph models for the Internet and related networks. These models can be used to augment existing
networks for better performance, to design new computer networks, and to provide algorithmic support,
i.e. efficient algorithms for basic routing or distributed search.

1.1 Our work in perspective

In this paper, we provide a general model for real-world random networks, where we focus on modeling
two important geographical factors: the property of bounded growth in neighborhood expansion and
the distance-bias tendency. These arise in many settings and particularly in Internet related settings.
For example, Faloutsos et al. [8] observed in the Internet topology that a ‘ball’ of neighbors within
distance R has size approximated by Rβ when the radius distance R is small enough. Note that β
may vary between locations due to different population density or physical characteristics. Thus, our
model’s ability to reflect variable neighborhood growth rates is an important feature. Researchers have
also found similar observations in wireless networks and peer-to-peer networks; so, several papers use
bounded growth when working with Internet-related problems, e.g. [25, 7, 13, 10, 1]. Recent studies of
the Internet’s topology evaluate the role of distance-bias where links are more likely to connect closer
nodes [28, 19]. An approximate linearity of distance bias in the link distribution is observed in [28].
? This work was supported by NSF grant ANI-04-35525 and NSF grant 0520190.



We consider a general graph model where an arbitrary base graph, representing local connections, is
augmented with random (usually long) links. We study general conditions which result in short paths
between almost all nodes. We then analyze a refined model, which simulates practical settings (detailed
below), where the base graphs are growth-bounded and the random links are distance-biased. Moreover,
we suggest an efficient routing strategy for this setting, using limited local information.

Previous models, e.g. [27, 16, 22], use simple grid or a grid-like base graphs that all have constant
“growth degree” (e.g. 2 for a 2-dimension grid), so the rate of growth in neighborhood expansion, β, is
the same for the entire graph. Instead, we allow the local growth rate to vary from place to place.

Example 1 (variable growth in wireless networks). Think of a wireless sensor network covering three
nearby structures, a 3-D building, a 2-D lawn and a 1-D road: the network has growth degree 3 inside
the building (so nodes in a neighborhood grow at a cubic rate), degree 2 on the lawn, and 1 on the
road.

We also expect fluctuating growth rates in the physical layout of the Internet, due to population
density patterns around the globe [28]. Thus, we model variable bounded growth by two parameters:
a lower and upper bound on β. As an example application, our models help consider how to add a
wired infrastructure into a wireless network to obtain faster routing while keeping a low total cost and
reasonable congestion in these extra links (our preliminary result for the grid setting is in [24]).

Below we compare our approach with prior work, then summarize our results and discuss our new
technical contributions.

1.2 Comparison with prior work

Recent mathematical models try to simulate small-world and power-law properties. There is a certain
complexity and difficulty to contain them all in a single mathematical model, but there has been some
effort to do that [6]. However, none of these mathematical models looks at all the geographical factors
mentioned above. Below, we review two important models, which address complementary goals.

a) Chung-Lu model [4–6]. Chung and Lu start with a generalized random graph model [4, 5], which
aims at modeling power-law networks where the number of nodes with degree k is proportional to kβ

for some fixed exponent β. Their model can construct random graphs with specified expected degrees:
they assign weights to the nodes and have an independent random link between any two nodes with a
probability proportional to the product of the weights of these two nodes. Thus, the expected degree of
each node is specified by its weight 1.

However, their distribution of random links does not feature a distance bias and their graphs have
exponential growth instead of locally bounded growth. Recently, Chung and Lu extended their approach
to model the clustering effect by a hybrid model where they couple their power-law random graph - as
a ‘global graph’ - with a specific ‘local graph’ rich in local links. They consider locally (k, l)-connected
graphs where for any two nodes u and v, there are at least l edge-disjoint paths with length at most k
between u and v. In contrast, our models allow a more general class of local graphs.

b) Kleinberg model [16]. Kleinberg extended Watts and Strogatz’s model to help explain another
striking aspect of the small-world phenomenon: that short paths can be found using a simple greedy
strategy with limited local information (reflecting Milgram’s search strategy based on a first-name
basis). In this model, a grid graph is augmented by random links, where a link is more likely to go to
closer nodes. Specifically, each node u has one random link which goes to a node v with probability
inversely proportional to dα(u, v), where d(u, v) is the lattice distance between u and v – for brevity,
we write Pr[v R← u] ∝ d−α(u, v). His main result shows that greedy routing, using local information,
can find short routes only when α = 2. This started the active study of searchable small-worlds where
decentralized routing, e.g. by a greedy strategy, is possible [18].

Despite Kleinberg’s model’s use of distance-bias links, it does not satisfy our main goals above. The
grid graphs or similar meshes have a uniform distribution of degrees and density, so, they are too simple
1 The Chung-Lu model is classified as an off-line power-law model to opposite to on-line ones, i.e. the evolu-

tionary models of growth with preferential attachment, in which nodes come one-by-one at each unit of time
and ‘attach’ to the existing nodes with a stronger preference to ones with higher degrees (see e.g. [21] for a
survey).



to simulate localities in real-world networks, where skewed distributions are typical. Also, Kleinberg’s
and follow-up work only provide an efficient routing strategy except for the special setting when α = 2.

We build on the nice elements in those two models (and earlier models): (i) a base graph with pre-
determined local links is augmented by random links which are formed based on (ii) given node weights,
and (iii) a distance-bias. It is natural to think of combining these together (and possibly additional
features) in one model. However, building such a complex mathematical model can be challenging2.
Modeling local base graphs in a accurate flexible way is challenging: we want a general and versatile
approach so our local graphs can feature arbitrary degrees and bounded-growth rates, and should be
tractable for finding diameter analysis and routing algorithms.

This work also builds on [22], where we provided an extensive diameter analysis for Kleinberg’s
models and a general framework to construct small-world graphs, but still restricted to settings with a
constant growth rate.

1.3 Our contributions

We propose a more general model for analyzing real-world random networks. Our model couples an
(arbitrarily) weighted base graph and a node-based distribution of random links where the number of
random links generated by a node depends on the node weight. With the right conditions this structure
has power-law degrees. In theorem 1 we show a general sufficient condition (§3) for this setting to have
the small-world property that most paths are short3; specifically, we show that there exists a giant
component of size θ(n) with small diameter. Our model is strong enough to show several interesting
facts easily, e.g. an O(log n) upper-bound for the diameter of a power-law graph in corollary 2. In
another illustration, for Kleinberg’s grid and tree-based settings [16, 17] without local links, if each node
generates at least expected 1 + ε random links (for any ε > 0), there exists a giant O(log n)-diameter
component.

We then analyze a refined model coupling a growth-bounded local graph with variable growth rates
and a distance-bias distribution of random links (Pr[v R← u] ∝ d−α(u, v) for a distance measure d(u, v)
and some parameter α > 0). We show in section 4 when the small-world effect occurs in theorem 2, and
in theorem 3 we show how the diameter changes depending on the relationship between the distance-bias
parameter (α) and our two bounded-growth parameters. Specifically, if α is less than twice the minimum
growth degree (i.e. the lower bound on β), the setting has small diameter with high probability. This
helps explain why the Internet graph is considered a small-world with low diameter, but is locally
growth bounded .

Based on this analysis, we suggest a natural decentralized routing strategy which can perform effi-
ciently in a broad class of the above distance-bias structures (where Kleinberg’s setting with α = 2 is a
very special case). However, due to space limitations, we only discuss this briefly in section 4. We also
only discuss the main ideas of our theorems and leave most detailed proofs to the appendix.

Main technical contributions. Although, we follow Chung and Lu’s pattern in adding random
links to the nodes based on their given weights, we face a different technical challenge. Since we add
random links using a distance-bias distribution, we can’t directly exploit the classical study of random
graphs, which focuses on uniform random links. A traditional technique to show the existence of a
typical short s − t path is to construct two sufficiently large ‘balls’ of neighbors centered around s
and t, then show the existence of a random link connecting these two balls. For our general setting we
prove a diameter result using a new technique based on our ‘connecting lemma’ in section 3. Instead
of connecting just two pieces (s’s and t’s balls), we connect a collection of pieces together. We show
how to partition the graph into pieces where each piece has small diameter, and then show that the
super-graph (whose nodes are contractions of these pieces) has expected diameter O(1).

We use the connecting lemma with another technique where we view our graph model as a fractal :
the whole graph is a dense spatial mesh of pieces, each separates from another by at most a constant
2 Simplistic models help provide insight into a certain aspect but do not reflect the full real-world network;

more complex models can describe more practical settings but are usually harder to work out mathematically
and may incur complex notions.

3 We do not look at the clustering property in this structure as it can be obtained by using a base graph rich
in local links.



number of links; each piece then has a similar structure using smaller sub-pieces, and so on. This
fractal technique not only helps in our diameter analysis but also in our design of routing strategy and
algorithms.

2 Our general model: basic ideas, definitions and facts

2.1 Our general model.

For “adding random links”, we use the following random assignment operation based on a distribution
rule τ . For a given node u in a graph G, an Rτ call on u creates a random link to another node v. We
write this as v = Rτ (u) or v

Rτ← u. We only consider τ such that all random links, even with Rτ called
on the same input node, are independent.

We now define our basic class of random graphs, where each node is assigned a weight which
determines the expected number of random link ‘generated’ by this node. Let H = {H(V, W,E)}
denote an infinite collection of undirected base graphs, where V is a set of vertices, E is a set of edges
between nodes in V and W is a weight function: V → Z+ so each node u ∈ V has weight Wu.

Each node u has Be(Wu, p) random links generated from it, where Be(k, p) denotes the number of
successes by doing k Bernoulli’s random trials each with probability of success p. Intuitively, node u is
assigned a fixed number of seeds Wu, where each seed gives birth to a random link with probability p
(4).

Definition 1. For a set of undirected base graphs H = {H(V,W,E)}, a distribution τ , and a number
p ∈ [0, 1], the family of undirected random graphs PLUS(H, τ, p) consists of graphs, each of which is
a base graph H ∈ H augmented by adding Be(Wu, p) undirected random links for each node u, using
distribution τ for each link. We also use PLUS(H, τ) for the special case p = 1.

For simplicity, we use undirected random links here, but our results can be partially extended for directed
random links (due to limited space, we defer this extension for directed links to the full version[23]).
Intuitively, each node v generates and, so, “owns” certain random links, while some other random links
also incident to v are not owned by v but by some other nodes (which generated these links).

Example 2 (Kleinberg’s grid setting). The undirected version of Kleinberg’s grid model ([16]) is a
PLUS(H, τ, p) family, where H consists of all n× n grids (n = 1, 2, 3 . . .) and where all the weights are
1, p = 1, and τ is the inverse square distribution: v

Rτ← u with Pr[v Rτ← u] ∝ d−2(u, v), where d(u, v) is
the lattice distance between u and v.

Note that we use a general node-based distribution τ which can be non-uniform while the Chung-
Lu model uses a specific pair-based distribution which is uniform within a subset of nodes of the
same weight. Although a bit more complicated sometimes, our node-based approach can help simulate
dynamic graphs (on adding/removing nodes, weights or links) and preferential-attachment networks,
and therefore is better for designing practical networks.

Example 3 (power-law). Consider G = PLUS(H, τ, p) where H = (V, W,E) with E=∅, i.e. a set of
weighted nodes, and where Pr[v Rτ← u] ∝ Wv. It is not hard to see that the expected degree of a node u
is 2pWu (roughly, half generated by u itself and the other half from other nodes). Similar as with the
Chung-Lu model, this setting can simulate a power-law graph by using power-law weights.

Notions on weight density. Define the weight of a vertex set S as
∑

u∈S Wu for PLUS(H, τ), and as∑
u∈S pWu for PLUS(H, τ, p). For k > 0, a node u is (k, t)-dense if it is in some connected component

(of H) which has size at most k and weight at least t, i.e. a locality with a certain wealth of random
links. A set of base graphs H is (almost) t-dense if there exists a constant c > 0 such that for each
H ⊂ H large enough, (almost) all nodes in H are (ct, t)-dense.

4 Modeling with different values of p are particularly needed in the theorem 1’s proof in appendix ??



2.2 Basic ideas in our approach for diameter analysis.

As mentioned early in the introduction, we partition our graph into pieces where each piece has short
paths between almost all node pairs. We then consider a super-graph, with a super-node for each such
piece, and there is a link between two super-nodes if there is one connecting their counter-part pieces.
This super-graph is dense enough such that it is favorable in term of short paths, compared to a random
graph which has a constant diameter: these super-nodes are only O(1) links from each other. Thus the
length of a typical path in our original graph is at most a constant multiple of the typical path length
in a single piece. We present this ‘connecting pieces’ technique in §3.

Other issues are on constructing these pieces, which has a small typical path but a large enough size.
We can construct such a piece as a ball of neighbors, for a class of random link distributions with our
expansion property, defined in §2.3 below. For settings without such expansion property, we propose a
further decomposition on the graph where a fractal-based analysis is introduced in §4.3.

2.3 Fair random link distribution and exponential neighborhood expansion.

We now review important concepts that we use from [22].

Definition 2. 1) (Expansion property) Consider a family F = PLUS(H, τ, p). For constants µ > 0
and ξ > 0, distribution τ has ‘the (µ,ξ) expansion property’ if a random link leaves a vertex set of size
nµ with probability at least ξ. More formally, ∀H = (V, E) ∈ H, n = |V |:

∀u ∈ V, ∀C ⊂ V, |C| < nµ : Pr[v Rτ← u : v /∈ C] ≥ ξ
We also say, distribution τ or family F (with τ as a part of it) is (µ,ξ)-expansion.

2) Let mτ be the minimum value of Pr[Rτ (u) = v] for all u 6= v, then distribution τ (or family F)
is µ-fair if mτ is at least Ω(n−µ).

If satisfied, these properties assure that the distribution of random links is fair and diverse enough
(not too skewed, in other words): for any given node u, no small set of vertices takes a dominant role
in attracting u’s links and also no single node is ‘ignored’ (is connected to u with at least a probability
mτ = Ω(n−µ)). Many existing networks feature these properties.

Example 4. Watts and Strogatz’s small-world networks are (µ,ξ)-expansion for any constants µ, ξ ∈
(0, 1), and 1-fair.

Example 5. Kleinberg’s grid-based [16] and tree-based [17] small-world models are (µ,1 − µ − o(1))-
expansion for any constant µ ∈ (0, 1), and are (1 + ε)-fair for any constant ε > 0

The expansion property assures an exponential growth in neighbor sets until a large enough size. Let
Sk(u) denotes the set of nodes within k links from u.

Lemma 1 (Expansion lemma). Consider F = PLUS(H, τ, p). Suppose that F has the (µ,ξ)-expansion
property and the base graphs are almost ( 1

ξ + ε)-dense for any constant ε > 0. There exists a con-
stant c > 0 such that for a given node u in a connected component of dense enough weight, w.h.p.,
|Sc log n(u)| ≥ nµ.

Lemma 1 (proof in appendix) shows a general sufficient condition on when and how we can construct a
neighbor ball with logarithmic diameter. The expansion property allows an exponential growth before
reaching a threshold (nµ), if we start with a local connected component with dense enough weight.

3 General conditions for short paths using ‘connecting pieces’

For brevity, in this and the next sections we often work with a random graph G = PLUS(H, τ, p) with a
specific base graph H(V, W,E). For asymptotic bounding, we vary this base graph H (from a collection
H) with n = |V | going to infinity.

Connecting pieces. As mentioned above, from each connected component of dense enough weight,
w.h.p., we can grow a neighborhood of size at least nµ with diameter O(log n). So, a giant component
with O(log n) diameter will emerge in our random graph, if we can show that almost surely any two
(disjoint) such pieces can be linked by O(1) links. This ‘linking’ notion is formalized by the following
‘connecting lemma’.



Lemma 2 (Connecting lemma). Let G = (V,E) be a graph with n = |V | and m,D ∈ N such that
V can be partitioned into n̂ disjoint subsets V1, V2, . . . , Vn̂, where n̂ = θ( n

m ), each subset with size θ(m),
and the subgraph induced by Vi has diameter at most D. Now using a distribution τ , for any z such
that znmτ = Ω(n̂ε) for some ε > 0, if we generate at least z independent random links from each set
Vi, then the new graph has diameter O(D) w.h.p.

Proof. We collapse the subsets Vi’s into super-nodes and consider the new graph H of size n̂ where each
node generate z random links, including possible loops. Given any two super-nodes, the probability that
a given random link from one node fails to reach the other is P = 1 − |V |mτ ≤ emτ θ(m). Thus, the
probability of a new link between two given super-nodes is at least p′ = 1 − P z ≥ 1 − (emτ θ(m))z =
Ω(zmmτ ).

We say the diameter of (random) graph G1 is dominated by the diameter of (random) graph G2,
denoted as G1≤DG2, if the former is not greater than the latter w.h.p. We show that the diameter of
H is dominated by that of a ((Erdös and Rènyi’s)l) random graph K = G(n̂, p̂), where p̂ = θ(p′). Note
that, for a given constant d, K has diameter d w.h.p. if (n̂p̂)d−1/n̂ → 0 and (n̂p̂)d/n̂ →∞ [15, 3], which
is easily verified by d = b1 + 1

ε c. Thus we just need to prove H≤DK for a proper constant in p̂ = θ(p′).
We show that by a few of more refined graph comparisons: H≤DI1≤DI2≤DK. First, clearly H≤DI1

where I1 is a modification of H where each node generates exactly z random links, which goes to another
given node with probability exactly P , or becomes a loop with probability 1 − (n̂ − 1)P . Now let I2

be a (random) graph of n̂ nodes, where from each node u we generate Z = c1(znmτ ) uniform random
links, i.e. each go to any given node with equal probability 1/n̂, where c1 > 0 is a constant to be chosen
later. Let K be a random graph K = G(n̂, p̂), where p̂ = c1c2(zmmτ ) = θ(p′) and c2 > 0 is a constant.
Excluding the self-loop links, all the three I1, I2 and K have expected degree θ(znmτ ), although I2

has a constant degree Z while K has Poison degrees and I1 has degrees as sum of two different Poison
distributions (for ‘out-’ and ’in-’ random links). Using Chernoff bound, by choosing c1 and c2 small
enough, all the degrees of I1 are greater than Z w.h.p. and all the degrees of K are smaller than Z
(I1’s constant degree) w.h.p. This results in that I1≤DI2≤DK, since all these I1, I2 and K use uniform
random links 5. Thus, H≤DK where K = G(n̂, p̂), where p̂ = Ω(zmmτ ). ut

Our general setting, conditioned on a few reasonable criteria, can feature a broad class of random
structures where paths of logarithmic length are typical.

Definition 3 (AlmostSW family). A PLUS(H, τ, p) family is AlmostSW if there exist µ, ξ ∈ (0, 1)
such that F is (µ,ξ)-expansion, (1 + µ − ε1)-fair and each base graph H ∈ H is almost (1

ξ + ε2)-dense
for any constants ε1, ε2 > 0.

The conditions on the expansion property and the weight density allow to construct large enough
neighborhoods each has logarithmic diameter. The other fairness condition assures to ‘connect pieces
together’. All the settings in examples 2-5 are AlmostSW families for proper parameters; we show that
for a few of these settings in §3.1.

Theorem 1. An AlmostSW family almost surely has a giant connected component with size n(1−o(1))
and diameter O(log n).

The idea is to split the weights into two parts: the first part is used to construct pieces of size nµ

as balls of neighbors (lemma 1), then the second part can be used to connect these pieces, using paths
of O(1) links between any two pieces – now nodes in our super-graph (connecting lemma). However, a
naive approach in constructing these neighbor balls may result in overlapping parts between these balls
and violate the requirement for independent random links in our super-graph. We deal with this as
below. When the base graph is connected, we use the shortest path distance d (using number of arcs) as
a metric and create an L-net X = {u1, u2, . . . , uk} in the metric space (V, d), for an appropriate L (see
§4.1 below for detail). Now we choose the nodes in X to be centers of our neighbor balls: we partition V

5 For example, an instance (a graph after the links are fixed) in K can be included as a subgraph in an instance
in I2: when we generate I2, we can, initially, create uniform links between pairs of nodes as with K. With
high probability, we never use up the ‘quota’ that allows Z random link generated at each node in I2. In fact,
we can go on to generate a few more random link at each node, but on the node-based mode instead.



into k disjoint subsets {Ai}k
i=1, by putting any node v ∈ V into Ai if ui (among these k center nodes)

is the closest to v (handle ties arbitrarily). We choose L so that our neighbor balls are large enough. A
concrete proof for this connected case is below.

In the unconnected case (d(u, v) = ∞ for some u, v), the L-net argument can not be used, however
a similar construction can still be used to construct the Ai in a greedy fashion. Note that the giant
component will include most nodes, except some isolated small component - ‘islands’ (with size o(log n)).
That is, almost all shortest paths have length only O(log n).

Proof (for the connected case). Consider a random graph G = PLUS(H, τ, p) for a connected base
graph H(V, W,E). We now use the intuition that node u is assigned a fixed number of seeds Wu, where
each seed gives birth to a random link with probability p. Choose p̂ ∈ (0, 1) such that p̂( 1

ξ +ε2) > 1
ξ + ε2

2 .
As mentioned above, our idea is to split the weights and hence, we generate G in two stages accordingly,
where only the first part of weights is in the early stage. In order to do split the weights, in the first stage
we do this random pre-processing: each seed can be used in this stage with probability p̂, otherwise it
needs to wait for the second stage (but in both cases, it may also fail to generate a random link with
probability p). Let G1 be the graph obtained after the first state; clearly G1 = PLUS(H, τ, p̂p) (6).

We now can assume p = 1 without loss of generality, and consider G1 = PLUS(H, τ, p̂). We par-
tition V into disjoint subsets {Vi}m

i=1 (where |V | = ∪m
i=1)|Vi| as follows. From lemma 1, there exists a

constant c such that for any node u which is (O(t), t)-dense, where t = 1
ξ + ε2

2 , with high probability,
|Nc log n(u)| ≥ nµ. Use metric function d as the shortest path distance (using number of arcs) and let
X = {u1, u2, . . . , uk} be a (2c log n)-net in metric space (V, d). We partition V into disjoint subsets
{Ai}k

i=1, |V | =
∑k

i=1 |Ai|, by putting any node v ∈ V into Ai if ui (among these k center nodes in X)
is the closest to v (handle ties arbitrarily). Note that, for any Ai, almost surely |Ai| ≥ nµ, and any
two nodes in Ai are at most distance 4c log n apart. For any Ai with |Ai| > nµ, we chop it into pieces
of size nµ and possibly one of size < nµ. Now our partition {Vi}m

i=1 is the collection of all the full or
chopped-up pieces from the Ai’s.

Consider the Vi’s which have size nµ. Clearly, (with high probability) the union, V ′, of these is
at least a constant fraction of V . We now go to the second stage and release all the remaining seeds
which we hold off in the first stage (these occupy an expected (1− p̂) fraction of the whole). By doing
so, clearly, each V ′

i has Ω(nµ) fresh weight, which are now used for our ’connecting pieces’. Apply the
connecting lemma to V ′ = ∪V ′

i , by having: m = θ(nµ), n̂ = θ(n1−µ),mτ = Ω(n−(1+µ−ε1)), and hence,
znmτ = Ω(nε1) = Ω(n̂

ε1
1−µ ). Thus, with high probability, there exists a (giant) connected component

with node set V ′ and diameter O(log n). Note that the other pieces from V − V ′ are also linked to
this giant component by O(log n) links; so, if it is connected the whole graph has expected diameter
O(log n). ut

3.1 Examples using our general model.

Kleinberg’s tree-based setting [16]. In this setting, nodes are the leaves of a complete b-ary tree T
(7), where b is a constant. Let h(u, v) denote the height of the least common ancestor of u and v in tree
T . There are no local links in this setting (so tree T is only for computing h(u, v) and not included in
the structure) but there are a number of undirected random links, following a distribution τ such that:
Pr[v Rτ← u] ∝ b−h(u,v).

Corollary 1. In Kleinberg’s undirected tree-based setting [17], if each node generates at least expected
1+ε random links (for any ε > 0) then there exists a giant component which contains most of the nodes.

Corollary 1 improves on a prior result in [22], where at least 3 random links per node were needed. The
same result also applies to Kleinberg’s grid model in [16] without local links. We need to show that
these settings are AlmostSW , then by theorem 1, a giant component emerges with high probability

6 Note to distinguish this two-stage generation of G from the superposition of these two random graphs:
G1 = PLUS(H, τ, p̂p) and G2 = PLUS(H, τ, (1− p̂)p)

7 One motivation for this is for a hierarchical semantic model of searched subjects in the Internet.



even if there is only expected (1 + ε) random links generated by each node, for any constant ε > 0 8. A
similar result is well known in percolation graphs (e.g. see [2] for a review) where the random links are
pair-based.

Proof. We show the setting is anAlmostSW then use theorem 1. As mentioned in example 5, this setting
is (µ,ξ)-expansion for any µ ∈ (0, 1) and ξ = 1−µ−o(1). Also, it is easy to see that mτ = θ( 1

n log n ), i.e.
the setting is (1 + ε3)-fair for any ε3 > 0. Thus, for any ε > 0, we can choose µ close enough to 0, hence
any ξ ∈ (0, µ), such that 1

ξ < 1 + ε. It is not hard to show that most nodes are (1 + ε)-dense (unless a
node is in an isolated component of size o(log n)). Then, the setting satisfies all the 3 conditions of an
AlmostSW family for appropriate ε1, ε2 > 0. ut
Arbitrary expected degrees with degree-bias random links.

Corollary 2. The power-law graph in example 3 has diameter O(log n) w.h.p.

Proof. The expected degree of each node u is 2pWu (approximately, half generated by u itself and the
other half from other nodes). For a predetermined power-law weight function which has exponent ∈ (2, 3)
(this range is observed in different Internet networks), it is not hard to see that a constant fraction of
the vertices have expected degree at least 3, and therefore, most of these nodes will join a connected
component with diameter O(log n) 9. Most of the low-degree nodes can also join this component directly
or by a short chain. ut

A result similar to corollary 2 is in [5] 10.

4 Bounded-growth, distance-bias, and a fractal-based analysis

We review basic concepts we use on metrics and bounded growth (see e.g. [26, 11] for more background),
then present our results on a refined model where a bounded-growth graph is augmented by distance-bias
random links. We finish by discussing our future work on applications to network design, suggested by
our fractal-based analysis. For brevity, most results in this sections are stated for PLUS(H, τ) although
they can be naturally extended for PLUS(H, τ, p).

4.1 Metrics and growth bounded graphs.

The pair (V, d), including a set of nodes V and a distance function d : V 2 → R+ is a metric space,
and d is a metric, if for any u, v, w ∈ V , d(u, v) = 0 ⇔ u = v, d(u, v) = d(v, u) (symmetry) and
d(u, v) ≤ d(u,w) + d(w, v) (triangle inequality). We define Nr(u) = {v ∈ V |d(u, v) ≤ r}, the subset of
nodes within ‘distance’ r from u.

For r > 0, a subset X ⊂ V is an r-cover of V if any node u in V is within distance r from at least
one node v 6= u in X. A subset X ⊂ V is an r-packing if any two nodes in X are at least distance 2r
apart. A subset X ⊂ V is an r-net if X is both an r-cover and an r

2 -packing. It is well known that
there exists an r-net for any metric space, which can be constructed greedily [26]. For any connected
undirected graph, the shortest path distance (using the number of arcs) is clearly a metric, and there
exists an r-net with respect to this distance.

For a node u in G, define Ru = min{r : Nr(u) = V }, the maximum distance of any node from u.
For a constant ∆ > 0, a graph G with metric d is growth bounded (GB) below by growth degree ∆, or
is GB∆, if

∀u ∈ V, ∀r ≤ Ru/2,∆|Nu(r)| ≤ |Nu(2r)|
8 E.g., if each node generates at least one but θ(n) nodes generate two random links each; also if each node

generates one random link and there are θ(n) local links in the base graph.
9 For any vertex sets of size at most o(n) (even with only top degree nodes) there is a probability at least some

constant ξ > 0 that a random link escapes from this set (e.g. comes to one of the low degrees).
10 There, Chung and Lu gave a thorough analysis to show that their power law graphs have diameter O(log n)

w.h.p., and the average distance between any two nodes is shorter: O(log log n).



Also, for ∆̄ > 0, a graph G with metric d is GB above by growth ∆̄, or is GB∆̄, if
∀u ∈ V, ∀r, |Nu(2r)| ≤ ∆̄|Nu(r)|

Intuitively, nodes from V “come into view” at a constant rate (especially, when ∆ ≈ ∆̄) when we
expand a ball around any node u ∈ V . Similar notions were used in e.g. [25]. For some constant β > 0,
it is easy to see that GB2β implies |Nu(r)| = Ω(rβ) and also GB2β

implies |Nu(r)| = O(rβ) (∀u ∈ V ).
Note that the reverse direction is not true, i.e., GB2β is stronger than having |Nu(r)| = Ω(rβ). As
before, a graph has growth degree β if for r large enough, ∀u ∈ V, |Nu(r)| = θ(rβ).

4.2 Expansion from a bounded-growth neighborhood.

Definition 4 (DistBias family). For α, β > 0, a DistBias(α, β) family is a PLUS(H, τ, p) fam-
ily where each base graph H ∈ H has an associated metric function d s.t. H is GB2β w.r.t d, and
Pr[Rτ (u) = v] ∝ d−α(u, v). We use DistBias(α) for α = β.

Similarly, DistBias(α, β1, β2) is also defined with H being both GB2β1 and GB2β2 .

Example 6. Kleinberg’s two-dimensional grid model (example 2) is DistBias(2); Kleinberg’s tree-based
setting (appendix 3.1) is DistBias(1) with d(u, v) as the size of the minimum subtree containing both
u and v.

Theorem 2. For each α and β, 0 < α ≤ β there exists a constant q > 0 such that a DistBias(α, β)
family using q-dense base graphs is AlmostSW .

Informally, for exponent α small enough (≤ β), many random links are to distant nodes; so, the
expansion property occurs. If instead α > β, most random links are concentrated within a small neigh-
borhood and there is no expansion property. For example, consider the 1-D grid setting (β = 1). For
α > 1, for any constant µ > 0, the probability to get from a source node u to distance at least m = nµ

from u, is θ(
∑n

k=m 1/kα) = O( 1
mα−1 ), which tends to 0 when n goes to infinity, violating the expansion

property.
See appendix §A.2 for theorem 2’s proof. A key part is showing the graphs have the expansion

property. This depends on bounding Pr[v Rτ← u : m ≤ d(u, v) ≤ M ], the probability a random link from
a node u to a distance between given distance values m,M where 1 ≤ m ≤ M ≤ Ru = min{r : Nr(u) =
V }. The nodes between distances m and M can be partitioned into several layers divided by distances
2k for appropriate k ∈ N (using balls with center u and these exponential radiuses 2k). We then bound
the probability from u to the nodes in each layer, using our definitions on bounded-growth.

Corollary 3. For the Internet topology (e.g. at AS-level), if α ≈ 1 (as observed in [28]) and β is
between 1 and 2 (as in [8, 28]), then the Internet topology has poly-log diameter.

4.3 On a strong distance-bias regime: a fractal perspective.

We now extend our small-world settings when the expansion property doesn’t apply: a random link
is unlikely to escape from a vertex set of moderate size (the probability of escaping a set of size nµ

tends to zero when n goes to infinity, for any fixed constant µ ∈ (0, 1)). Because links stay in a local
neighborhood, we can’t partition the graph into large neighborhoods each with small diameter and then
link them together by paths of O(1) links. Instead this process of ‘partition-then-connect’ is multiply
repeated, recursively, from the very local to global levels. With the parameter scheme introduced below
in theorem 3, we can create a fractal picture instead: the whole graph is an O(1)-diameter super graph
of nodes representing pieces, and each piece itself is a smaller-scale O(1)-diameter super graph, and so
on.

Intuitively, one can think of an online map with different zoom levels (country, state, county, district,
etc). For example, a typical short s − t route in this setting consists of O(log n) super-links between
super ‘state’ node at the highest zoom-out level. However, when we point and further zoom-in a super
‘state’ node, we unfold a sub-path of O(log n) links between super ‘county’ nodes. Figure 1 traces such
a route, unfolding to the highest zoom-in at both the source and destination sites (s and t).



Theorem 3. For a DistBias(α, β1, β2) family where 0 < α < 2β1, β1 < β2, there exists a poly-log
function L = L(n) such that if the base graphs are L-dense, then w.h.p., the graphs have expected
diameter O(logγn) for γ = γ(α, β1, β2). In fact, γ increases if α or β2 increases, or β1 decreases 11.

Proof (outline). Consider random graph G = PLUS(H, τ) for a base graph H(V, E) and an associated
metric d. We first partition the graph into sets which (after contraction) form an O(1)-diameter super-
graph, w.h.p. For any subset B ⊂ V define MetricDiam(B) as the maximum metric distance between
any two nodes in B (12). Let ∆ = MetricDiam(V ) and construct a δ-net, δ = ∆ξ, of H, for any
ξ ∈ ( α

2β1
, 1). As in theorem 1’s proof, we can partition V into a set of disjoint neighborhoods Vi, by

using the nodes in this δ-net as centers, where each piece Vi has δ < MetricDiam(Vi) < 2δ. Using
the ‘connecting pieces’ technique, it is not hard to see that the super-graph formed by contracting the
pieces has expected diameter O(C) where C = (1−ξ)β2

ξβ1
: there are at most O(∆(1−ξ)β2) super nodes 13

each has weight at least θ(∆β1), and the probability of a new link connecting two given nodes is almost
1 (14).

This process of partitioning then ‘connecting pieces together’ can be repeated recursively at smaller
scales (until reaching neighborhoods of size θ(L)). It is not hard to see that the number of partitioning
levels is m = O(log log n). A probabilistic recurrence approach [14] can be used to show that the graph
diameter is LCm, a poly-log function of n, with high probability (assured by a large enough L). A
concrete treatment on a similar probabilistic recurrence can be found in [22]. ut

Example 7. Consider a wireless network where growth rate varies from 1 to 3 (e.g. in example 1). If we
add one random link to each node, using distribution τ where Pr[v Rτ← u] ∝ d−α(u, v) for α < 2, then
the new graph has poly-log expected diameter.

t

s

Fig. 1. Tracing a short route in our fractal-based analysis.
Here, we use links of different levels (unfolding super-nodes at different depth): super-links (dashed) of a super
graph, or physical (solid) of the actual network. The (super-) links within a sub-graph (super-node at the next
zoom-out level) create a path of O(log n) length. Note that each super-node (collapsed sub-graph) hides within

it a chunk of actual physical path, which may has significant length – but still poly-logarithmic.

11 Note some other, easier cases: polynomial diameter (i.e. ‘large-world’ state) for α > 2β2, either poly-log or
polynomial for 2β1 < α ≤ 2β2 or 2β1 ≤ α < 2β2. The special case that α

2
= β1 = β2 seems hard and still

open. More details are in the full version.
12 Note we use the metric d to construct the subsets, but our goal is to analyze diameter with respect to number

of hops, not the metric d.
13 Consider the smallest piece Vj with center u, then the number of pieces ≤ |V |/|Vj | ≤ N∆(u)/Nδ/2(u) =

O(∆(1−ξ)β2).
14 If instead α ≥ 2β1, the probability of having a connecting arc tends to zero and the diameter of the super

graph will be at least a poly-log function of n.



4.4 Routing and network design: Initial results and future work.

We observe that our models and random graph constructions provide a natural platform for designing
efficient routing networks. We can tailor our routing algorithms to best exploit the topological struc-
tures (especially of long-distance links using our fractal-based analysis). Using our refined models (with
growth-bounded base graphs and distance-bias random links) we propose to develop: (i) an efficient
routing strategy and (ii) a mechanism to improve network performance by changing construction pa-
rameters. Based on these, we consider two new applications in (iii) hybrid wireless networks and (iv)
optical networks.

A new general routing strategy. Kleinberg’s work in [16] and follow-up work e.g. [17, 20, 9] show that
greedy routing and similar strategies (using limited local information) only work efficiently in a specific
case of our general model when α = β 15. However, our fractal-based analysis and theorem 3 naturally
suggest a new general routing strategy based on a new partition scheme. In our partition scheme, a graph
is recursively partitioned such that a parent block (sub-graph) of metric diameter ∆ is partitioned into
child blocks of metric diameter ∆µ, for a fixed constant exponent µ ∈ ( α

2β1
, 1). This hierarchy has only

a poly-log number of levels and yet, is far less steep than a b-arc tree (for constant b ≥ 2) where nodes
near the root can be overloaded and highly congested. Thus, we suggest a hierarchical routing strategy
which is very efficient for a large class of our distance-bias structures: a short s− t route within a parent
block can be formed by combining a few sub-routes within a few sub-blocks. In our initial results, this
routing scheme uses a small distributed routing database and finds routes of poly-log expected length.

Hybrid wireless ad-hoc networks. We consider network constructions for building hybrid ad-hoc
networks by adding a wired infrastructure to an ad-hoc wireless network [12]. Our initial results [24]
consider adding long links to a grid-like network with uniform traffic demand between any two nodes,
where the cost of a link is proportional to its weight (length). Given a budget to buy long links, we
choose links so the typical route has a poly-log length, while the congestion ratio (between the most
congested and the average links) is as small as possible: by adding O(1) long links to each node we can
maintain a near optimal trade-off between congestion ratio and weight.

Routing with dynamic capabilities. We consider routing with Quality of Service provisioning in a
dynamic network where the links’ bandwidth capabilities may change arbitrarily. Our working example
is in optical wavelength division multiplexing (WDM) networks where the capability of fiber-optic cable
is enormous while communication is mainly restricted by limited resources at the hosts (switching
devices and other expensive hardware). We propose a new approach with the assumption that links
tend to favor closer distances, and improve adaptivity which measures the maximum number of sites
to be updated upon a single capability change. Our initial result improves the result in [7] to ideal
adaptivity O(1) compared to their polynomial scheme.
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A More on our general model and analysis results

A.1 Proof (outline) of lemma 1

Lemma 1. Consider F = PLUS(H, τ, p). Suppose that F has the (µ,ξ)-expansion property and the
base graphs are almost ( 1

ξ + ε)-dense for any constant ε > 0. There exists a constant c > 0 such that
for a given node u in a connected component of dense enough weight, w.h.p., |Sc log n(u)| ≥ nµ.

Proof. To show lemma 1, the basic idea is to selectively construct a chain of neighbor sets {Sk}. For any
node u, let coret(u) be a minimum connected component which contains u and has at least weight t.
Starting with S0 = core 1

ξ +ε(u)), we aim at showing a (probabilistic) lower bound γ > 1 on the growth
rate of this set chain in each early step. That is, the process can be compared to a branching process
where the growth rate is (with high probability) at least some constant γ > 1. Such a chain of neighbor
set can be defined as follows using an ‘expansion function’ χ. Given any node u ∈ V , this operation
will call operation Rτ Wu times to obtain u’s random link contacts then χ(u) denotes the union of the
cores of these Wu random contacts: χ(u) = ∪corej(v), where v is a random contact of u and j = 1

ξ + ε.
Also, χ(S) =

⋃
u∈S χ(u) for any set S. From an arbitrary initial set S0 ⊂ V , we construct a neighbor

subset chain {Sk} such that Sk is the nodes can be reached from S0 using k random links (and O(k))
local links).

Sk+1 = χ(Sk)− ∪k
i=0Si; k = 1, 2, 3, . . . (16)

16 In fact, we can think the random links are all generated at the birth of the graph and our construction only
probes necessary nodes and explores the random links ‘owned’ by them.



See [22] for bounding of a similar chain of neighbor sets (which is quite simpler than the one here17;
however, the same basic idea applies for both). ut

A.2 Proof of theorem 2

Theorem 2. For each α and β, 0 < α ≤ β there exists a constant q > 0 such that a DistBias(α, β)
family using q-dense base graphs is AlmostSW .

Proof. Showing this theorem is essentially showing the expansion property, which heavily based on
bounding Pr[v Rτ← u : m ≤ d(u, v) ≤ M ], the probability of having a random link from a node u to a
distance within two given distance values m, M where 1 ≤ m ≤ M ≤ Ru = min{r : Nr(u) = V }. For
convenience, let R = Ru and Nk = |Nk(u)|. Consider this summation A(m,M) =

∑M
k=m nk× 1

kα , where
nk = Nk − Nk−1 is the number of nodes at distance k from u. Clearly, 1/A(1, R) is the normalized
coefficient Cu (of the distribution of the random links at u). So Pr[v Rτ← u : m ≤ d(u, v) ≤ M ] =
A(m,M)/A(1, R). Intuitively, we see A(m,M) as a measure of attractiveness (to draw a random link
from u) of the set of nodes between distances m and M from u.

We work on bounding A(m+1, M) so that it can be bounded above and below by values depending
on α, β, m,M (and Nm, NM ). We lower bound A(m + 1,M) by relating to Nm

mα and upper bound it by
relating to NM

Mα . The basic technique is by grouping terms in A(m + 1, M), each group consists of terms
with index between 2im and 2i+1m − 1 (0 ≤ i ≤ blog(M

m )c); thus, we can approximate A(m + 1,M)
using terms with index 2im only, which later can be bounded based on Nm

mα or NM

Mα .
We first show that A(m+1,M) can be bounded above and below by values depending on α, β, m, M

(and Nm, NM ). We lower bound A(m+1,M) by relating to Nm

mα and upper bound it by relating to NM

Mα .
For l = blog(M

m )c, by grouping terms in A(m + 1,M),

A(m + 1,M) =
l−1∑

i=0

2i+1m∑

j=2im+1

nj

jα
+

M∑

j=2lm+1

nj

jα
≥

l−1∑

i=0

N2i+1m −N2im

(2i+1m)α
+

NM −N2lm

(2lm)α

≥ 2β − 1
2α

l−1∑

i=0

N2im

(2im)α
+

NM −N2lm

(2lm)α

Call the last expression A. Note that we have used N2i+1m−N2im ≥ (2β−1)N2im in the last inequality.
Also note that

Nm ≤ N2m

2β ≤ N22m

22β ≤ . . .
N2l−1m

2(l−1)β ≤ N2lm

2lβ

Therefore, if Nm and NM are fixed, A gets minimized if N2im = 2iβNm, i = 1..l, and A(m + 1,M) ≥
2β−1
2α

∑l−1
i=0

2iβNm

(2im)α + NM−2lβNm

(2lm)α . So,

A(m + 1, M) ≥ Nm

mα
×

(2β − 1
2α

L +
NM − 2lβNm

2lαNm

)
(1)

where L =
∑l−1

i=0(2
β−α)i, which equals 2(β−α)l − 1 if β > α, and L = l if α = β.

Similarly,

A(m + 1,M) =
l−1∑

i=0

2i+1m∑

j=2im+1

nj

jα
+

M∑

j=2lm+1

nj

jα
≤

l−1∑

i=0

N2i+1m −N2im

(2im)α
+

NM −N2lm

(2lm)α

However, we have N2i+1m −N2im ≤ N2i+1m ≤ 2−(l−i−1)βNM and 2l+1m ≥ NM so
A(m + 1, M) ≤ ∑l−1

i=0
2−(l−i−1)βNM

(2im)α + NM

(2lm)α =
∑l−1

i=0
2−(l−i−1)β−iαNM

mα + NM

(2lm)α

=
∑l−1

i=0 2i(β−α) 2−(l−1)β+(l+1)αNM

(2l+1m)α + 2αNM

(2l+1m)α ≤ NM

Mα

(
2−(l−1)β+(l+1)α

∑l−1
i=0 2i(β−α) + 2α

)

17 There, each node generates q random links for a given fixed integer q, each of which has probability at least
ξ to leave the current neighbor set while here, each node generates Be(Wu, p) such random links. However,
since we only care about the total of random links which escape the neighbor set, similar Chernoff-bound
argument work for both cases.



Thus,

A(m + 1,M) ≤ NM

Mα

(
2−l(β−α)+β+α)L + 2α

)
(2)

Consider a DistBias(α, β) family using q-dense base graphs. We now need to show that by choosing
q big enough, there exist µ, ξ ∈ (0, 1), ξ > 1

q such that this family is (µ,ξ)-expansion while its distribution
τ is (1 + µ + Ω(1))-fair.

We now justify the expansion property. For any C ∈ V with size nµ and 0 < µ < 1, we consider
Pr[Rτ (u) /∈ C]. Define m ∈ N such that Nm−1 < |C| = nµ ≤ Nm. For simplicity, we assume Nm =
|C| = nµ and, using the observation that a ball is the best shape for C to minimize the probability
Pr[Rτ (u) /∈ C], it is easy to see that

Pr[Rτ (u) /∈ C] ≥ Pr[Rτ (u) /∈ Nm(u)] = Pr[v Rτ← u : m + 1 ≤ d(u, v) ≤ Ru] = A(m + 1, R)/A(1, R).

Here we denote R = Ru = min{r : Nr(u) = V }. We now claim that Pr[Rτ (u) /∈ C] can be
lower bounded by a constant (depending on µ and α only). We show that by proving so for the ratio
A(m + 1, R)/A(1,m) (18). Using (1),(2), we only need to consider the case α = β which is actually the
worst case (for α < β, it is easy to see that A(m + 1, R) >> A(1, m) when n is large enough).

Define 0 < ν < 1, such that m = Rν ; clearly, log( R
m ) = (1− ν) log R. From (1), we have

A(m + 1, R) ≥ Nm

mα ×
(
(1− 1

2α )b(1− ν) log Rc+ n
2lαNm

− 1
)

= Nm

mα log R×
(
C + D

)
.

where C = (1− 1
2α )(1− ν) and D = 1

log R ( n
2lαNm

− 2).
From (2),

A(1,m) ≤ Nm

mα ×
(
22αν log R + 2α

)
= Nm

mα log R×
(
E + O(log−1 R)

)

where E = 22αν.
Consider the two following cases. If ν ≤ η = 1+µ

2 then we lower bound A(m + 1, R)/A(1,m) by

C

2E
= 2−2α−1(1− 1

2α
)
1− η

η
(3)

when n (and then log R) is large enough. If ν > 1+µ
2 then we lower bound A(m + 1, R)/A(1,m) by D

2E .
Here,

D = 1
log R

(
n

2lαNm
− 2

)
≥ 1

log R

(
n1−µ

R(1−ν)α − 2
)

= 1
log R

(
Ω(R(1−µ)β)

R(1−ν)α − 2
)

= Ω
(

R
1−µ

2 α

log R

)

which goes to infinity when R tends to infinity, while E is upper bounded by 22α. So D/2E can even
be lower bounded by any positive constant for R large enough.

Thus, Pr[Rτ (u) /∈ C] is lower bounded by a value ξ > 0 depending on µ and α, i.e. the family meets
(µ,ξ)-expansion. Thus we need to choose q > 1/ξ.

Now we only need to assure that distribution τ is (1 + µ + ε)-fair, i.e. 1
mτ

= O(n1+µ+ε), for some
ε > 0 (recall that mτ is the minimum value of Pr[Rτ (u) = v] for all u 6= v). Let u and v are the most
far apart nodes and R = d(u, v). From (2), A(1, R) ≤ n

Rα (log R + 2α). So, mτ = Pr[Rτ (u) = v] =
1

A(1,R) × 1
Rα ≥ 1

n(22α log R+2α) and 1
mτ

= O(n log n). Thus τ is even (1 + ε)-fair for any ε > 0 (and µ is
free to choose for this issue).

Thus we can choose µ close to zero to minimize q, and by (3), can choose any q > 22α+1

1− 1
2α

. ut

18 Note that A(1, R) = A(1, m)+A(m+1, R), so bounding x/(x+y) is equivalent to bounding x/y. If Nm > nµ,

the ratio to be considered is A(m+1,R)+W
A(1,m)−W

, where W = Nm−nµ

mα . It is not hard to see that our proof can be
extended for this case also.


