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Quantum information processors face the challenge of operating reliably despite the intrinsic component un-
reliability due to decoherence. This can be avoided by strategic use of quantum error correction to build a
fault-tolerant quantum computer, as long as the component failure probabilityp0 is less than a critical thresh-
old pth. This threshold value is an excellent, comprehensive measure of the scalability of a particular physical
implementation, and although it can theoretically be as high as10−3, its actual value depends highly on im-
plementation specifics, such asT1 andT2 lifetime parameters, qubit couplings, and control and communication
errors. Here, we numerically evaluatepth for a an ion trap quantum computer architecture, using a Monte-Carlo
simulation built on existing experimentally determined performance parameters, including geometric layout
constraints, and techniques adopted from classical computer architecture design.

I. INTRODUCTION

Quantum information processing offers the promise of
computational speedups through the clever utilization of hith-
erto untapped quantum-mechanical resources available with
nanoscale engineering. However, the most crucial challenge
facing practical experimental realization of such quantum
computing systems isreliability, because quantum effects in-
trinsically suffer from degradation of quantum behavior.

This loss can be countered efficiently by systematic appli-
cation of quantum error correction, and remarkably, the the-
ory of fault-tolerant quantum computation predicts that once
component error probabilities fall below some thresholdpth,
which may be as high as10−4, an arbitrarily reliable system
can be constructed, using only such faulty parts. For real
systems, however, the actual value ofpth can vary wildly;
it depends heavily on fundamental performance parameters,
including qubitT1 andT2 lifetime values, qubit-qubit cou-
pling strengths, one and two-qubit logic gate operation times,
gate control error probabilities, and errors due to movement
of quantum information. Many other underlying system as-
sumptions, such as the availability of fast, parallel classical
computation, also factor into the final value ofpth.

There are many physical implementation candidates for
quantum computation and each one has the potential to one
day be realized. A requirement for any implementation is
to be able to compute over a very large number of quantum
bits (qubits), a feat that can only be realized if the system can
achievepth sufficiently high that component failure probabil-
ities can be below this threshold. If such a threshold value
exists then the quantum system will be scalable enough to un-
dertake an arbitrary length of computation. For this reason,
determiningpth is a very interesting, and central question for
each physical implementation candidate.

Here, we take a first step to explicitly and numerically de-
terminepth for a leading implementation candidate for quan-
tum computers – the ion trap quantum information proces-
sor [3–5, 7, 8, 10, 13, 14, 23, 24, 30]. We obtain this re-
sult through a detailed architectural simulation of the quan-
tum charge-coupled device (QCCD) ion trap architecture pro-
posed by Kielpinski et al [3], founded on ongoing experimen-

tal work at NIST in the Wineland group [10, 11], using pa-
rameters from real experimental data for qubit lifetimes, gate
fidelities, and communication errors. Quantum computers, al-
most by definition, are exponentially hard to simulate with a
classical computer, but we sidestep this difficulty here, using
the stabilizer method of Gottesman and Knill [17, 18, 25] to
allow efficient classical simulation of just a subset of quantum
circuits, those which perform quantum error correction. Thus,
we simulate systems with up to hundreds of qubits, and can
vividly explore the interplay of device performance parame-
ters with system-level geometric layout constraints. Building
on earlier architectural studies of quantum computers [9, 15],
we find a natural architectural structure for recursive error cor-
rection in the ion trap QCCD framework, allowing us to obtain
numerical values forpth.

These results are presented as follows. Section II reviews
the current status of ion-trap technology and introduces the
model we have adopted for subsequent simulations. This
is followed by a brief introduction to fault-tolerant quantum
computation in Section III. Section IV gives simulation meth-
ods together with an approach to concatenated coding and re-
cursive layout in ion trap QCCD architectures. Finally, sec-
tion V describes results and expectations for recursive error
correction in these systems.

II. ION-TRAPS AND THEIR REPRESENTATION

We begin by reviewing the current state of ion trap quan-
tum information processor implementations, focusing on the
QCCD model employed by the NIST group. Included is a de-
scription of the abstract physical model we have adopted to ac-
curately simulate trapped-ion systems, which follows closely
with the current experimental results [3, 8, 10, 12, 14, 16, 21,
22, 24].

A. The Ion-Trap System

Ion-trap quantum computation was initially proposed by
Cirac and Zoller [7]. They suggested that a number of ions



2

(a) (b)

FIG. 1: (a) Schematic of a dual ion-trap constructed using200µm
thick alumina wafers spaced360µm apart. Electrodes 2 and 4 are
the trap locations. (b) The proposed QCCD structure is composed
of large arrays of interconnected traps. Each trap length is approxi-
mately100µm and is represented by a pair of orange squares. Both
images courtesy of D. Wineland and D. Kielpinski [21].

trapped in a linear RF trap interacting with laser beams can
be used as a quantum information processor. Two internal
atomic states of each ion are identified with a qubit. How-
ever, this proposal does not scale to extremely large number
of qubits. As the length of the ion chain increases, the vibra-
tional modes become progressively harder to identify [14], de-
creasing the gate fidelities. In this section we briefly describe a
more elaborate proposal by D.Kielpinskiet. al.,[3, 11, 14, 21]
that suggests using a large-scale quantum charge-coupled de-
vice (QCCD) consisting of interconnected ion-traps. Multiple
traps allow for smaller ion chains and thus greater control over
logical operations. In this model, ions are stored in memory
regions and moved to interaction regions for manipulation.

FIG. 2: Layout of a QCCD-style architecture as drawn by the sim-
ulation software. Each non-empty location in the grid can contain
electrodes on an alumina plaquette or a single ion. In the simulation,
ions are colored according to their function.

The physical realization of the QCCD model is possible
with current micro-machining techniques in alumina. Fig-
ure 1(a) shows a schematic of a dual trap made with200µm
thick alumina wafers separated by360µm [14, 16]. Individual
ions are trapped near electrodes2 and4.

Figure 1(b) shows the proposed trap micro-array as a two
dimensional grid. Kielpinskiet. al. suggests that the grid can

be physically realized by stacking silicon wafers together in
three layers [21]. The middle layer carries a DC voltage used
for axial confinement of the ions, and the outer layers contain
an RF voltage needed for the radial confinement. The length
of each electrode would be about100µm. Two hyperfine sub-
levels| ↓ 〉 and| ↑ 〉 of an electronic state of Be+ define the
qubit. Optical Raman transitions [8, 14] provide the coupling
between| ↓ 〉 and| ↑ 〉 to generate superposition states.

B. Ion-Trap Physical Model and Representation

The simulator’s representation of an ion-trap processor is
shown in Figure 2 and is designed to capture the essential ele-
ments of the proposed scheme of Figure 1(b). The QCCD ar-
chitecture is a two-dimensional grid that specifies placement
of trap structures such as the alumina substrate, electrodes,
and ions. Internally the layout is a matrix of cells where each
is filled with a substrate material or is empty. Electrodes can
be attached to the substrate cells, and empty cells can be oc-
cupied by ions.

A single qubit of information is carried by the ion-qubits.
Multiple ion-qubits can be associated and grouped into a lin-
earchainand are coupled via shared vibrational modes. A two
qubit gate can be applied to any two chained qubits regardless
of their distance from each other, however physical limitations
restrict the number of qubits in a given chain to less than ten.
Chains can be split apart into two or more smaller chains.

1. Gates and Measurement

Single qubit gates consist of any arbitrary rotations in the
x-y plane of the Bloch sphere and are performed by applying
a laser pulse on the target ion-qubit. For simplicity, the model
assumes that this single laser beam performs all single qubit
gates with the same failure rate and gate duration. For sin-
gle qubit gates, the failure probability ispf ≈ 10−4 and the
execution time is1µs.

Two qubit gates are physically implemented with several
laser pulses on each of the two ion-qubits. For example
a controlled-phase gate that changes the sign of the qubit’s
phase if the the control qubit is|1〉 consists of three laser
pulses. As with the one qubit gate, we have made the sim-
plification that all two qubit gates have the same duration and
failure rate. For two qubit gates the execution time is on the
order of10µs and the failure probability is about0.03.

A readout laser is used to measure ion-qubits. If the ion is
in the|0〉 state many photons are scattered and measurement is
recorded, otherwise very few are scattered and a measurement
of |1〉 is recorded. The graphical representation of measure-
ment in the simulator cannot be distinguished from that of a
single gate, since both apply a laser to a single qubit. Mea-
surement is a rather lengthy process that takes around100µs
and fails about1% of the time.
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Operation Time Prob. Failure

Single Gate 1µs 0.0001

Double Gate 10µs 0.03

Measure 100µs 0.01

Movement10ns/µm 0.005/µm

Split 10−3s

Cooling 10−3s

Memory time 100s

TABLE I: Summary of the experimentally determined physical pa-
rameters for ion-traps. Note that cooling and splitting ions are by far
the two slowest operations in the table. Architectures must be de-
signed to avoid unnecessarily cooling and splitting ion chains. The
movement, splitting, and cooling times and the failure rates are taken
from [14]. The gate parameters are taken from [10] and [12].

2. Quantum Communication via Ballistic Transport

In one experiment [14], a single ion was transferred106

times between two trapping electrodes separated by1.2mm
while preserving coherence. The physical displacement of the
ion-qubit is termed asballistic transport. Each transfer pro-
cess took≈ 50µs with a≈ 50µs wait between transfers. We
model the rate at which the qubit dephases during transport
as a failure probability of∼ 0.005 per micron moved. The
main cause of decoherence during movement is not move-
ment itself, but the exposure of the ion-qubit to fluctuating
background fields as it moves.

Another cause of decoherence is theheatacquired by the
ions as they move (i.e. their vibrational motion intensifies),
thus ions must be cooled upon arrival. If specific individual
ions in a large linear ion chain need to be moved, a potential
wedge must be created to separate those ions from the rest of
the chain. Chain splitting heats all of the ions involved and
takes a comparably large amount of time (see Table I).

Table I summarizes current physical parameters as ob-
served experimentally. Single qubit gates are fast and pre-
cise – from the table they are performed with a probability of
failure pf = 10−4 and a1µs execution time. On the other
hand, two qubit gates fail3% of the time and are a factor of
10 slower than their single qubit counterparts.

III. FAULT-TOLERANCE AND THE THRESHOLD

In this section we briefly introduce the theory of fault toler-
ant computation in the context of ion-traps. Prior knowledge
of some error correction terminology is assumed. The reader
is referred to [2, 19, 25, 27, 29] for a full description and
derivation of the theory of fault tolerance in quantum compu-
tation.

The theory of fault-tolerant quantum computation has been
developed to prevent and even counteract the build-up of er-
rors in a quantum computer. The ability to arbitrarily improve
the reliability of the computation in the presence of faulty sys-
tem components is the definition of a fault-tolerant architec-

ture.
Fault tolerance is achieved through concatenated coding

and repeated error correction at each level of encoding after
each step or group of steps. To see how this works, letp0

be the component failure rate for all the components of some
architecture. The failure probability of a collection of com-
ponents will be a polynomial inp0. For the remaining dis-
cussion, assumep0 is small enough that only the lowest order
term of the Taylor expansion contributes significantly to the
overall failure probability of the circuit. If the code can cor-
rect at most one error, then the probability that there will be
two or more errors in the data qubits after one level of encod-
ing is approximatelycp2

0, wherec is the number of ways two
or more errors can occur. As the recursion level is increased,
the probability of failure scales as1c (cp0)2

k

, wherek denotes
the level of recursion.

If we have a computation requiringN operations with total
failure ratepf and desire an overall success rate1 − ε, then
we can write1− ε = (1− pf )N assuming that each step fails
independently of prior and future steps. Solving forpf we see
thatpf = 1 − (1 − ε)1/N , thus we must increase the level of
encodingk until:

1
c
(cp0)2

k

≤ 1− (1− ε)1/N (3.1)

Note that such ak cannot be found ifp0 > 1/c. Such a result
is known as thethreshold conditionfor fault tolerance [2, 28].
Provided that the component failure ratep0 < pth ≡ (1/c),
computation can be made arbitrarily reliable. Threshold re-
sults exist for both classical and quantum computation.

Gottesman has shown that a threshold exists for systems
with local gates in two dimensions [20]. The major require-
ment is that ancillary qubits be placed near data qubits. As
levels of concatenation increase, higher level ancilla will be
further and further from their respective data qubits. The rate
at which the added communication introduces error must not
overwhelm the correction rate.

The implications of the above restrictions to ion-traps are
that ancilla must be re-initialized close to the point of use to
avoid long shuttling and must be near the data. Also, error
correction must be frequent enough to compensate for com-
munication costs and it must occur on all lower levels simul-
taneously. Since the ions we are simulating are contained in
fairly large traps, at least 10 microns apart, we assume that sin-
gle ion addressing is possible and thus logical operations can
be applied at any time on any ion. Simultaneous lower error
correction is a built-in feature of our simulator. The most im-
portant and general implication is that geometric constraints
cannot be ignored when designing a large-scale ion-trap com-
puter if fault tolerance is to be achieved.

IV. SIMULATING LARGE-SCALE QUANTUM SYSTEMS

Having reviewed ion traps, quantum error correction, and
fault tolerance, we review a method to simulate large-scale
systems by mentioning the specific examples of the error-
correction layouts and networks we plan to study. This sec-
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tion first describes a method for simulating a special class of
quantumstabilizercircuits in polynomial time on a classical
machine. The stabilizer method described and developed by
Gotessman and others [17, 18] is based on the Gottesman-
Knill theorem and consists of the evolution of stabilizer gen-
erators. This is followed by a discussion of how circuits are
mapped to QCCD ion trap arrays.

A. Simulating Quantum Circuits via the Heisenberg
Representation

The challenge of engineering classical computer systems
is met with the creation of sophisticated software tools for
computer-aided design (CAD). The approach can also be ap-
plied to the quantum problem. Unfortunately for the same
reason that quantum computers can solve problems that are
thought to be hard, quantum circuits are hard to simulate. In
general, such a simulation requires resources that grow expo-
nentially in the number of qubits. A fact particularly crucial
in our simulator where we study concatenated quantum codes,
which involve an exponential increase in the number of qubits
with the level of recursion.

One such model is related to the Gottesman-Knill theorem
[18] which states that any quantum circuit performing only
the Clifford group operators and measurements of Pauli group
operators can be simulated in classical polynomial time. Such
circuits are called stabilizer circuits and are not universal, but
are sufficient to simulate encoding, decoding, syndrome ex-
traction, and error correction for stabilizer codes.

A state|ψ〉 is stabilized by an operator when the state of the
system|ψ〉 remains unchanged after the action of the operator.
Eachn qubit quantum state|ψ〉 can be represented uniquely
by a group of stabilizers that can be generated by ann ele-
ment generating subset of that group. As the system evolves,
we only need to keep track of the change in then generators,
which comes at a cost linear inn rather than2n if we were to
keep track of the wavefunction using probability amplitudes
of |ψ〉 after each gate. The following simple example demon-
strates the main idea behind the stabilizer formalism.

If U is a Clifford group operation such as the Hadamard
gateH and the operatorZ stabilizes a single qubit state|ψ〉
such thatZ|ψ〉 = |ψ〉, then afterH is applied we have:

H|ψ〉 = HZ|ψ〉 = HZH†H|ψ〉 = XH|ψ〉 (4.1)

Thus the new state of the system is stabilized byX. Sim-
ilarly we can deduce a set of transformations for all Clifford
group operations. For a detailed description of the stabilizer
formalism the interested reader can refer to chapter10 of [25].

We simulate stabilizer code networks under local uncorre-
lated noise. To model this noise, compose tensor products of
single qubit positive operators

E(ρ) = (1− px − py − pz)ρ+ pxXρX + pyY ρY + pzZρZ
(4.2)

with probability parameterspx, py, andpz. For the remain-
der of this paper, assume these parameters are constants – i.e.
every qubit experiences the same noise process for all time.

B. Mapping Networks to Layouts

The notion of recursive error correction described earlier
must be mapped to the QCCD ion trap architecture. The gate
network is clearly self-similar, and we mentioned earlier that
ancilla need to be stored close to their point of use. Both
of these observations suggest that the two-dimensional lay-
out should take the form of some kind of space filling fractal
curve. We borrow the notion of an H-tree from modern com-
puter architecture.

An H-tree is a recursive structure that is constructed by iter-
atively scaling and rotating an H-like shape. H-trees have been
widely used in classical fault-tolerant studies, particularly in
VLSI layout design [26] and binary tree layouts [6], so they
may prove to be a natural structure to apply to our problem.

In fact, H-trees are even more natural than they might first
seem. Each leaf of the tree may hold one computation and one
corresponding sympathetic ion. The sympathetic ion never
needs to move, and the associated computational ion can re-
turn to this “home” location frequently throughout the com-
putation.

Consider now the specific case of the 3 qubit code. The first
level of this code stores one logical qubit in 3 physical qubits
(Figure 3). These three data qubits can be stored in separate
leaves. The opposing leaves hold three ancillary qubits, where
two are used to measure the error syndrome from the data
qubits. The third one is additional and serves no purpose but
to provide symmetry. Error-correction involves initializing the
ancilla, interacting them with the (stationary) data, then mea-
suring the ancilla to obtain an error syndrome.

FIG. 3: H-tree layout for the 3-bit code. There are 6 blocks at level 1
encoding. The top 3 blocks represent the logical data qubits and the
bottom 3 are the logical ancillae. Within each level 1 we also have 3
data and 3 ancilla qubits. Next to each single physical ion-qubit is a
sympathetic ion used to cool the corresponding ion-qubit.

At the next level (i.e. the first level of recursion), one
large logical qubit is encoded into three smaller logical qubits,
which are each in turn encoded as three physical qubits. Here
the benefits of the H-tree structure are greatest. The outer H
contains three logical data qubits and their associated logi-
cal ancilla qubits. Each of these logical qubits resides in an
inner H that contains three physical qubits and their associ-
ated physical ancilla. Error-correction first occurs in paral-
lel in each of the inner H’s. After this massively parallel
step, error-correction proceeds in the outer H usingexactly
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the same movement and interaction patternsas in the inner
H’s. In principle the H-tree layout can be used with codes
concatenated to arbitrary depth.

Our simulator presents fault tolerant results by simulating
the semi-classical 3-bit error correction code and the quantum
Steane[[7, 1, 3]] code [29] using the H-tree layout described
above. These are only two of the many possible error cor-
rection codes available for simulation. The basic idea behind
each code is outlined with the following few steps:
• Prepare a needed number of ancilla qubits for syndrome

extraction.
• Interact the ancilla qubits with the data qubits viaCNOT

gates which forces the parity of the data qubits into the
ancilla.

• At each gate recursively error correct the lower levels.
• Measure each ancilla qubit to extract the syndrome. This

avoids direct interaction with the data qubits.
The next section presents our results and an estimated value

of the threshold parameterpth for the ion-trap system.

V. RESULTS AND ANALYSIS

This section describes threshold results that have been ob-
tained through the simulation methods of Section IV. The
first section describes some of the essential details of the sim-
ulation procedure. The second section presents the threshold
results accompanied by some theoretical expectations.

A. Procedure

Quantum circuits constructed from noisy components may
fail to produce the correct result. We model the reliability
of a noisy quantum circuit by a Bernoulli random variableR
with parameterpf . The failure probabilitypf (~p) of the circuit
depends on the component failure probabilities vector~p. The
elements of~p are the failure probabilities of each component
in the circuit. A Monte-Carlo simulation samplesR given
these input failure probabilities~p, producing an estimatêpf

of pf .
Large numbers of samples are collected using multiple runs

of the simulator, executed on a 32 node Beowulf cluster to
give accurate estimates ofpf . The standard errorσs of p̂f is
simply

σs =
σ√
Ns

(5.1)

whereNs is the number of samples taken. Given an accuracy
target, the required number of samples can be calculated.

The component failure probabilities~p can be chosen arbi-
trarily, but as discussed in Section II, all of the parameters can
be selected based on experimental results. Specifically, we
take the parameters in Table I as baseline parameters~pb.To
estimate bounds on the threshold for fault-tolerance, we ap-
ply a global exponential scaling factorM transforming the
component failure probabilities with respect to the baseline

parameters,

~p = 10−M~pb. (5.2)

By varyingM in the neighborhood of zero, the circuit failure
probability pf (~p) can be estimated over a range of~p close
to the experimental parameters to determine a point at which
recursion improves reliability.

The syndrome extraction procedure adopted by us for both
the 3-qubit and the[[7, 1, 3]] code is as follows. If the first syn-
drome measurement results in no error, that syndrome is kept;
otherwise another syndrome is collected. If both of these syn-
dromes agree, the syndrome is accepted. However, if both
syndromes disagree, new syndromes continue to be collected
up to some maximum number. Any time the last two syn-
dromes agree, that syndrome is accepted. If no syndromes
ever agree, no correction is applied.

B. Simulation Results

1. 3-qubit code with gate errors

By counting the number of places where an error may oc-
cur in the 3-qubit code, we determine thatc from Equation 3.1
should be no less than59 without considering errors that could
have propagated from prior cycles and initialization errors.
The first few terms of the network failure probability as a func-
tion of the gate failure probabilityp are

pf (p) = 59p2 − 531p3 + 1852p4 + 3260p5 − ... (5.3)

for one detection and recovery cycle. The complete expres-
sion has nonzero coefficients for all orders ofp up to and
including p59. As mentioned in Section III, only the lowest
order term ofpf is relevant for the purpose of determining a
threshold. Forp� 59

531 ≈ 10%, the59p2 term dominates and
all the approximations in Section III are valid. The threshold
c = 59 corresponds topth = 1.7%.

Our experimental results for the 3-qubit code are plotted on
Figure 4, where it can be seen that recursion does indeed im-
prove reliability when gates fail with probabilityp0 less than
approximately2% and all other sources of error are set to zero.
The experimental percentage ofp0 is very close to the esti-
mated theoretical value of1.7%.

From the plot and a calculated 95% confidence interval we
can compute the value for the constantc as defined in Section
III to be:

c ≈ (422± 114)
20

= 21± 6

which corresponds topth = 0.05 ± 0.02, a slight over esti-
mate. However, the intersection point of thek = 1 andk = 2
curves gives an actualpth ≤ 0.018 in excellent agreement
with the theoretical result. If we add a level of encoding and
choosep0 < pth, then there will be improvement inpf for the
system. This is exactly what Figure 4 shows fork = 3.

Plotting the logarithm of the data (Figure 5) clarifies the
exponents of the dominant terms. These plots show that the
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MEASUREMENT MOVEMENT BOTH

k N M pf σs pf σs pf σs

1 20 0.00 0.363 0.006 0.610 0.004 0.633 0.007

1 20 0.25 0.134 0.004 0.230 0.003 0.244 0.006

1 20 0.50 0.042 0.002 0.068 0.003 0.067 0.004

1 20 0.75 0.014 0.002 0.019 0.002 0.021 0.002

2 20 0.00 0.53 0.01 0.993 0.002 0.994 0.001

2 20 0.25 0.071 0.004 0.51 0.01 0.529 0.009

2 20 0.50 0.006 0.001 0.053 0.003 0.051 0.004

2 20 0.75 0.0008 0.0004 0.00310.0006 0.003 0.001

TABLE II: 3-bit code failure probabilities for gate errors and errors from measurement, movement, and both. Following our convention,N is
the number of error correction cycles,M is the scaling parameter,k is the recursion level,pf is the network failure probability, andσs is the
standard error of the estimatepf .

FIG. 4: pf vsp0 for the 3-bit code with gate errors fork = 1, 2, 3, 4.
The solid line corresponds tok = 1, the dotted line tok = 2, and the
dashed line tok = 3, and the two triangular points tok = 4. This
plot shows that recursion improves reliability for gate failure ratep0

slightly belowp0 = 0.025. Furthermore, each curve behaves like

p2k

0 beneath this threshold.

dominant term ofpf (p0) is p2k

0 as expected from the discus-
sion in Section III. The linear fits to these plots give us slopes
of 1.99 ± 0.03, 3.93 ± 0.08, and7.96 ± 0.12 as expected for
levels 1, 2 and 3 respectively.

2. 3-qubit code with other error sources

Table II shows results when other sources of error are con-
sidered. The independent variable is now a scaling parameter
M of the base failure probabilities shown in Table I. For ex-
ample, a scaling parameter ofM = 1 corresponds to reducing
each failure probability by one order of magnitude. Note that
adding a level of recursion once again improves reliability in
all cases whenM is sufficiently large.

As our results show, the current failure rates are not enough
to achieve reliable quantum computation. However, computa-
tions using the 3 qubit bit flip (or phase flip) code can be made
reliable with parameters very close to current experimental pa-

FIG. 5: log(pf ) vs log(p0) for the 3-bit code with gate errors for
k = 1, 2, 3. The solid line corresponds tok = 1, the dotted line to
k = 2, and the dashed line tok = 3. The slopes of these lines are

approximately 2, 4, and 8 from top to bottom, demonstrating thep2k

0

behavior of the dominant term.

rameters. Considering polynomial and/or exponential fits to
the data, threshold scaling parameter estimates can be made
based on the intersection point of thek = 1 andk = 2 curves:

Measurement and Gate Error:M ≥ 0.077
Movement and Gate Error:M ≥ 0.47

Measurement, Movement, and Gate Error:M ≥ 0.48

Referring back to the baseline parameters,M = 0.48 cor-
responds to failure probability of3.3 × 10−5, 9.9 × 10−3,
3.3 × 10−3, and1.7 × 10−3 perµm for a single qubit gate,
two-qubit gate, measurement, and movement respectively.

Movement error is qualitatively different from gate and
measurement failure and it is the dominant mode of failure.
The failure probability of a single movement action at levelk
scales likedαk for constantsd andα. Fork larger than some
critical value, the reliability will begin to decrease withk be-
cause of this scaling.

The exponential scaling of movement failure with recur-
sion level can be overcome by executing error correction ev-
ery time qubits move a constant distance. Implementing this
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requires a slightly different layout to accommodate interme-
diate error correction. In addition, ancilla will likely have to
move with their associated data so that error correction can be
performed recursively at each stopping point. Otherwise the
area requirements of the intermediate error correction blocks
would contribute too greatly to the total movement distances.
Further discussion of intermediate error correction will be
postponed until Section VI.

3. Some[[7, 1, 3]] code results

Our results for the Steane[[7, 1, 3]] code are an ongoing pro-
cess due to the amount of resources involved in simulating a
fairly large quantum code, but we have been able to notice the
pssibility of a region where the failure rate of level 2 encoding
is better than level 1. Figure 6 displays our result. Thelog(pf )
vs log(p0) plot, when fitted, gives us a slope of2.04 ± 0.07
for level 1 and4.02 ± 0.07 for level 2. This result hints that
the [[7, 1, 3]] circuit simulated with gate failure probability of
1× 10−4 through5× 10−4 is fault tolerant and we expect to
see the corresponding slopes for higher levels. It is important
to note that in Figure 6 each data point represents50 error cor-
rection cycles. Thus, to see that at the intersection point of the
two curvespf = p0 = pth, we must dividepf by 50. Due
to the recursive nature of the theory this may not be so evi-
dent between levels 1 and 2, but as higher levels of encoding
are sampled the probabilities of failure should converge to the
same value at the intersection region.

FIG. 6: pf vs p0 for the [[7, 1, 3]] code with gate errors fork = 1, 2.
The solid line corresponds tok = 1, the dotted line tok = 2. This
plot shows that recursion improves reliability for gate failure ratep0

slightly belowp0 = 2.5 × 10−4. Furthermore, each curve behaves

like p2k

0 beneath this threshold.

VI. CONCLUSIONS AND FUTURE DIRECTIONS

A. Conclusion

We have presented an initial stage in the development of a
set of tools to simulate ion-trap architectures. Given variable-

length error correction networks, this simulator estimates up-
per bounds on thresholds for fault-tolerance and network ex-
ecution times. The preliminary results show that there exists
a component failure rate for which added levels of recursion
improve the reliability of the system for the classical 3-qubit
code. Furthermore, the threshold behavior as a function of
recursion level can be observed for previously unanalyzed ar-
chitectures.

However, there is still much to be done. First, analysis of
a quantum code, the Steane[[7, 1, 3]] code, is not complete.
A quantum code will correct against arbitrary quantum errors
unlike the 3-qubit code, which can protect against either bit-
flip errors or phase-flip errors. Second, we currently simulate
a basic H-Tree structure and constrain movement to predeter-
mined global paths based on the self-similarity of the H-Tree.
To achieve the goal of simulatingarbitrary large-scale quan-
tum architectures, carefully chosen algorithms need to be ap-
plied to create a high level geometrical independence.

Our physical ion-trap model needs further improvement.
The noise model we have adopted is not as rigorous as it
should be. There are also sources of error with the ion-trap
architecture that are just coming to light and involve some fine
but important details that need to be taken into consideration
if a real threshold value is to be evaluated.

B. Future Directions

1. Teleportation versus Intermediate Error Correction

The scalability of fault-tolerant architectures for ion trap
quantum information processors is a central question at the
heart of quantum architecture design. We have analyzed this
issue through detailed simulations, which model parameters
from current experiments, suggesting that for certain error
regimes, scalability can indeed be achieved. More open ques-
tions remain, however, which must be addressed.

A problem with the current H-tree architecture is that move-
ment errors increase exponentially with recursion levelk, so
the system failure probabilitypf scales as(p0d

k)2
k

, where
d is the distance the ions travel whenk = 1. To overcome
this, either intermediate error correction must be applied dur-
ing movement with frequency rising exponentially ink, or a
new architecture must be found where movement errors do
not scale exponentially with the distance. Both solutions are
reasonable, but the latter, accomplished using quantum tele-
portation, may result in a higher threshold.

2. Circuit and Movement Optimization

A large factor in the stability of the system is the efficiency
of the circuits that are being simulated. In our results we have
chosen the widely accepted 3-qubit and[[7, 1, 3]] error correc-
tion circuits; however there are many possible error correction
circuits. Some circuits that we will ultimately need to simulate
require a substantially large amount of operations and would
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thus demand a careful and robust compile time optimization
techniques.

As mentioned earlier, a novel approach for minimizing
data movement solves the problem of exponential increase in
movement errors. An approach that leaves the data entirely
stationary, except perhaps for local error correction could
transform the movement problem into a problem of EPR pair
distribution by using quantum teleportation. The goal is then
to sustain a large pair current to the local region, then distill
a critical bandwidth of high fidelity pairs using classical com-
munication channels.

With the above goals in mind, we hope to find an efficient
fault-tolerant architecture that may motivate the development
of mid-scale quantum information processors. In fact, the 3-
qubit code may be a useful example for ion-trap quantum in-

formation processors since the dominant source of errors are
only phase flip errors. The ability to demonstrate thresholds
for scalable fault-tolerant ion-trap architectures will further
motivate the realization of larger quantum information pro-
cessors.
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