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he ne t hi h p io ity phase of hu an eno ics 1ill in ol e the de elop ent of a full
of the hu an eno e 10 t 1ll be used in la e scale sc eens of populations to associate




specific haplotypes ith specific co ple enetic in uenced diseases p ototype aplotype ap
pin st ate y is p esently bein finali ed by an o in oup he biolo ical ey to that
st ate y i1s the su p isin fact that eno 1c D can be pa titioned into lon bloc s he e enetic
eco bination has been a e, leadin to st 1 in ly fe e distinct haplotypes in the population than
p e iously e pected 10, , 12,
athe atically, this lac of eco bination alon  ith the infinite sites assu ption ustifies a
odel of haplotype e olution he e the haplotypes in a population a e assu ed to e ol e alon
a coalescent, hich as a ooted t ee is a pe fect phylo eny 1 , his leads to the al o ith ic
p oble of dete inin  hethe unphased diploid enotype data is consistent ith an e olutiona y
histo y on a t ee, and to find such a t ee if one e ists  hat is, e wust find fo each of the 1 en
enotypes, a pal of haplotypes bina y ectos hich ene ate that enotype, so that the enti e
set of 2 haplotypes can be de 1 ed on a pe fect phylo eny
Gi en haplotypes phased data , it is easy to dete ine if the haplotypes could ha e e ol ed
alon a pe fect phylo eny  he di cult, and cu ently essential p oble 1is to dete 1ne hethe
unphased 1e enotype data could ha e e ol ed alon a pe fect phylo eny  his is called the

e fect hylo eny aplotypin p oble p oble
he ability to sol e the p oble isof aluefo any pu poses, notably the ability to identify
in enotype data, bloc s of D S data he e no eco bination has occu ed
Gusfield sho ed that the p oble can be sol ed in al ost linea ti e that in linea

additional t1 e it can be dete ined if the solution is uni ue and if not, then in linea additional
t1 e, one can build a linea space data st uctu e that ep esents all the solutions, so that each can
be ene ated in linea ti e hat pape alsosho ed ho to find at least one solution to an un ooted

e sion of the p oble , 0 dete ine that it has no solutions  he app oach in that pape educes
the p oble to established, ey deep, esults and al o ith sfo at oid and aph theo y

Ithou h that eduction is uitesi ple, and the esultin al o ith nea ly opti alin speed alinea
t1 elo e bound is necessa y , ta en as a hole that app oach is wuite in ol ed, and in pa ticula ,

challen in topo a 0 eo e , anyone ishin to fully establish, by eadin e istin lite atu e,
the co ectness of the enti e al o ith ould need to ead se e al deep and di cult pape s in  aph
and at oid theo y

stated open oal in as to find a si ple o ediect, yet still e cient, al o ith , 1a a
self contained app oach not needin deep at oid o  aph theo e s his pape acco plishes
that oal, fo both the ooted and un ooted p oble s t establishes a ey si ple, easy
topo a , ti e al oith that dete 1nes hethe thee is a solution fo input

enotypes, and p oduces a linea space data st uctu e to ep esent all of the solutions  he app oach

allo s co plete, althou h not t 1 1al, self contained p oofs n addition to al o ith 1icsi plicity,

the app oach he e a es the ep esentation of all solutions o e intuiti e than in | and sol es

anothe open oal f o that pape , na ely to p o e anonti ial uppe bound on the nu be of

solutions, sho in that that nu be is astly s alle than the nu be of haplotype solutions

each solution bein aset of pai s of haplotypes that can ene ate the enotypes  hen the pe fect
phylo eny e ui e entisnoti posed

n diploid o anis s such as hu ans thee aet o not co pletely identical copies of each

ch o o0so e, and hence of each e ion of inte est desc iption of the data f o a sin le copy is

called a , hile a desc iption of the con ated 1 ed data on the t o copies is called a

n co ple diseases those a ected by o e than a sin le ene it is often uch oe

info ati eto ha e haplotype data 1identifyin a set of ene alleles inhe ited to ethe than to ha e
only enotype data

he unde lyin data that fo sa haplotype iseithe the full D se uence inthe e lon,0 oe

co only the alues of in that e ion S is a sin le



nucleotide site he e e actly t o of fou di e ent nucleotides occu in ala e pe centa e of the
population  he S based app oach is the do inant one, and hi h density S aps ha e been
const ucted ac oss the hu an eno e ith a density of about one S pe thousand nucleotides

Because poly o phis sc eens ill be conducted on la e populations, it is not feasible to e a ine
the t o copies of a ch o o0so e sepa ately, and data athe than haplotype data 1ill be
obtained, e en thou h it is the haplotype data that 1ill be of eatest use
bst actly, data f o sites S s in indi iduals is collected, he e each site can ha e
one of t o states alleles, hich e denote by 0 and 1 o each indi idual, e ould ideally
li e to desc ibe the states of the sites on each of the t o ch o o0so e copies sepa ately, ie,
the haplotype o0 e e, e pei1 entally dete 1inin the haplotype pai 1s technically di cult o
e pensi e nstead, the sc een 1ill lea n the 2 states the enotype possessed by the indi idual,
ithout lea nin the t o desi ed haplotypes fo that indi idual ne then uses co putation to
e t act haplotype info ation f o the 1 en enotype info ation Se e al ethods ha e been
e plo ed and a e intensely used fo thistas 2,1, , 1, ,11 one of these ethods a e p esently
fully satisfacto y

Gi en enotype ecto s, the p oble s to find pai s of haplotype ecto s that could ha e
ene ated the enotype ecto s

oefo allyy eae 1enan by enotype at 1 ith 012 he th o
desc ibes the enotype of species |, and each location he e 2 is a poly o phic
site  ach colu n is a poly o phiclocus he oalisto ene ate a 2
, ith 01 2 haplotype at 1 is an of a
enotype at 1 , 1f the follo in hold
1 ach o e pandstot o o s denoted by , and
2 o all st 01,
o all st 2,
ny such is a feasible e planation fo the o1 in of o e e ,ifeach has poly o phic
sites, then the e a e 2 solutions to the p oble f couse, 1 en e ant to find
the t ue haplotype ati hich o1 inally a e ise to hat oal ould be i possible

ithout the 1 plicit o e plicit use of so e enetic odel, eithe to assess the biolo ical fidelity of
any p oposed solution, o to uide the al o ith in const uctin a solution
n this pape , e conside the enetic odel he e a solution to the p oble  the pais
of binay ectos is e uied to dete ine a Belo 1s a fo  al definition of a
ooted pe fect phylo eny
Let bean2 by 01 binay ati Let bean len th binay ecto,
called the is often assu ed, ithout loss of ene ality, to be the all 0 ecto
isa ooted t ee ith e actly 2 lea esthat obeys the follo in

p ope ties
1 ach of the 2 o s labels e actly one leaf of | and each leaf is labeled by one o
2 ach of the colu ns labels ed e of
e yinte 1o ed e one not touchin a leaf of 1islabeled by one colu n
o any o ,the alue is une ual to if and only if labels an ed e on the uni ue

path f o the oot to the leaf labeled ence, that path 1s a co pact ep esentation of o



he biolo ical inte p etation is that an ed e label indicates the pointinti e he e a utation
at site  occu ed, and so the state of site chan es f o its ancest al alue to the opposite alue
he wustification fo the pe fect phylo eny odel is based on ecent obse ations of no o little

eco bination in lon se entsof D | and the standa d infinite sites assu ption See 1 , fo
a full ustification of this odel

n the e sion of pe fect phylo eny, is 1 en asinput he e is also an e sion
of pe fect phylo eny, he e is not specified n that case, a binay ati is said to ha e a
pe fect phylo eny if a  such that the e is a ooted pe fect phylo eny fo and

o ally, the is Gi en |, find an e pansion
of hich defines an un ooted pe fect phylo eny

his definition is sli htly di e ent f o the one 1 en in he e the p oble as to find an
e pansion hich defines a ooted pe fect phylo eny, assu in the ancesto ecto is al eady
no n o ee,the ooted and the un ooted p oble s aee ul alent, in the sense that an

al oith fo one e sion can be used to sol e eithe esion o e a ple, ith an al oith fo
the un ooted e sion, e sol e an instance of the ooted e sion as follo s Gi en both and |
si ply add a enotype o consistin  of ecto to the e 1ill be a leaf labeled 1i1th in the
esultin pe fect phylo eny fo this a ooted pe fect phylo eny fo and  is then obtained by
a in  the oot heun ooted e sion can also be educed to the ooted e sion, but e ill not
need that di ection in this pape
he solution to the pe fect phylo eny p oble 1 enin is based on co ple aph theo etic
tools  Ithou h pe fect phylo enyis defined inte soft ees, the eis an alte nati e cha acte 1 ation
that allo s one to focus o e on the at i ,and that is the app oach ta en in this pape

he follo in cha acte 1 ation of pe fect phylo eny has been independently established any ti es,

and is desc ibed in  any places See |7 fo one such e position
Define a as at 1 ith 2 colu ns, containin each of the o s in
00 01 10 11 he classical theo e is that a 2 binay ati defines a un ooted pe fect
phylo eny if and only if no sub at 1 fo ed by selectin the t o colu ns , 18 a
n these te s, the p oble s to find an e pansion of hich does not contain a
co plete pai  ati his definition of the p oble a oids any e plicit ention of t ees and

allo sa oe ati oientedsolution eno be into de elop the tools needed fo that solution

onside asub ati of a enotype at1

1 11 o snotofthefo 22ha e auni uee pansion in any haplotype at 1

2 fthis e pansion contains a co plete pai  at 1 ,no is possible fo
e denote a pai of colu ns as a pai if the non 22 o sin do
not e pand to include a co plete par  at 1
n bina y haplotype data, bloc s of S D he e eco bination has not occu ed ae

f e uently identified by chec in fo the absence of a co plete pai  at 1 o e a plesee 2,1
his is called the fou a ate test in the biolo ical lite atu e he ability to sol e the
p oble is of eat alue because it allo s one to identify these no eco bination bloc s usin
enotype data instead of haplotype data
nli e the p oble ofinfe in a e fect hylo eny on abinay ati , e notethat thee ae
no si ple cha acte 1 ations of the e istence of a solution to the p oble e 1 htas,fo
instance, does e e y pai of colu ns bein pai  ua antee the e istence of a solution , 1f
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itue 1 onside the abo e instance of the p oble ith o s and colu ns
his instance is such that e e y pai of colu nsisapph pai futhe oe,eeytiple
of colu ns can be e panded so that the esult does not contain a co plete sub at 1 o ee,
this instance does not ha e a solution

e ey tiple of colu ns can be e panded so that the t iple has no co plete sub at 1 , then does

the instance ha e a solution hee a plein 1 ue 1 sho s that both of these con ectu es
a e false

olu ns in a enotype ati ae , 1f the e e 1sts a o such
that 2 o is a o fo , and Let be a of
and be aco panion o fo colu ns o and in if
and, conse uently the 1ise, o , and Gi en , define
an indicato function on co panion o s and co panion colu ns as follo s 0 if
co panion o e uates co panion colu ns , and , and 1 if co panion o

ne ates co panion colu ns and
o the abo e definition of it follo s that,fo o  thatisaco panion o fo co panion
colu ns and | , he e denotes the L SV ope ato

ecall that fo boolean alues and | 11
onside aset of colu ns of a enotype at 1 , ithaco panion
o} le 2 Let be a solution to the p oble hen
S 2, e ha e that , and
Iso by definition, pandin ,
f os and aeco panion o sfo colu ns , then
ssu e to the cont ay  hen, the sub ati of fo edby o s , and
colu ns is a , a cont adiction
he efo e, in the follo in , e can spea of co panion colu ns bein e uated, o ne ated,
ithout efe ence toa o So eti es;t ocolu nsace to be e uated o ne ated to a oid
the co plete pai  at 1 0 co panion colu ns , conside the uni ue e pansion of the non
22 o sin f this e pansion contains the o s 00 and 11, then colu ns and
be e uated in any Li e ise, if the e pansion contains the o s 01 and 10, colu ns and
be ne ated in any 0 0 S fo a
fo colu ns , if they do not contain 22, and thei uni ue e pansion eithe contains both 00,

and 11, 0 01, and 10  he follo in le a 1ll be used e tensi ely late

onside co panion colu ns in hen, 22 is a fo cin patte n fo

fo all 01



ote that any that sol es the p oble fo also defines a sin le co espondin indicato

function fo all co panion colu ns t 1s easy to establish that t o distinct solutions
to an instance of the p oble p oduce t o distinct indicato functions
eno p esentthe a o theo e thatistheo ani in idea behind the solution de eloped

in this pape

onside a enotype at 1 ,such that e e y pai of colu nsis a pph pai he e
e ists a solution to the p oble if and only if the e is a 0 1 alued indicato function
defined on co panion colu ns ith the follo in p ope ties
1 fco panioncolu ns ha e a fo cin patte n that e uates and | then 0
f the fo cin patte n ne ates , and , then 1
2 st 2fo so e
Le as 2 and sho that if a solution e 1sts, then e can define an indicato

function that satisfies the stated t o p ope ties
o , suppose the e e ists an indicato function defined on co panion colu ns that has the
t o stated p ope ties e 1ll sho that e can de1 e a solution to the p oble usin
onside the haplotype at 1 const ucted acco din to 1 o ith 2, hich is desc ibed in
1ue?2 hisal oith wuses the p ope ties of the indicato function to set the alues of ent ies
in lea ly, the haplotype at 1 is an e pansion of the enotype at 1
e ne t establish the follo in consistency clai hich also sho s that the choice of inde
in step b of the al o 1ith has no e ect on the esultin e pansion o any colu n , if the e
e ists co panion colu ns and he e , such that 2,
then he clai ist 1 ially t ue fo 2 ssu eitist ue
up to so e alue of , and conside the ne t ain, if the e is at  ost one inde he e
2, then the clai ist 1 1ally t ue  the ise, conside indices he e
2, By induction, e en if  is not the
colu n used by the al o ith hen settin , and so usin a p ope ty of the ope ato ,
o the consistency clai , 18
e ul alent to 0, hichis hat e ilpoe bse e
that

fo aboe
fo popety2ofthe heoe state ent
0

e no use this consistency to sho that is a solution to the p oble by sho in that
it does not contain a co plete pai sub at 1 ssu e it does contain one, denoted , and let ,
he e , be the colu ns of
Let possibly e pty be the sub at 1 of consistin of the o s of hich e e e panded
fo co panion o sfo f ise pty, then containsaco pletesub at i1 onlyifcolu ns
and a e not pph, cont adictin the condition of the theo e So e assu e that is not
e pty Let 00 11 and 01 10 By the consistency p o ed abo e, eithe e ey o of
isfo set ,0 eey o of isfo set ithout loss of ene ality, assu e that the o s of
aefo set the case hen they aefo is sy et ic hat eans that 0
o since the o s of  cannot contain the o s specified in |, if contains a co plete
sub ati ,thee wustbet o o sof notin hich contain e actly thet o o sin But since
these o s aenotco panion o s fo and ,the o s ill contain 01 10 ine ey e pansion
of ence and a efo ced tobene atedin ,1ie,they fo ce 1, a cont adiction



enotype at 1 , and indicato function defined on co panion colu ns

haplotype at 1 hich is an e pansion of
2
o each of the colu ns 1 in tu n, do the follo in

1 o each o |

a if 01 ,set
b the ise,if such that 2, let be any inde less than such
that 2, and set , and 1
¢ fno such inde e ists, set 1, and 0
iue 2 1 o ith 2 ta es an indicato function and a enotype at i as input, and

p oduces a haplotype at 1

he efo e can be used to const uct a haplotype at 1 fo

heo e 1 es us an alte nati e cha acte 1 ation of the p oble in te s of settin
an app op late indicato function  ote that the indicato function is only defined on co panion
colu npais

n addition to findin one solution, e ant e cient ethods to find and count all the
solutions o that pu pose, e need the follo in Le a

Let and be solutions to the p oble fo enotype at 1 uthe oe,

let be ene ated by the indicato function  and be ene ated by the indicato function

hen if
Suppose ecall that any sub at 1 he e and

a e not both e ual to 2, has a uni ue e pansion in any haplotype at 1 hus, 1 plies
that the eisa o  thatisaco panion o fo colu ns and andfo hich the sub at icesin
and , that a e ene ated by the e pansion of the sub at 1 ,aedl eent Since
2, these sub at ices ill be 00 11 in one say and 01 10 in the
othe say hus, in , e ha e that 0 and in , e ha e that 1

his i plies that

he con e se of this Le ais also t ue, but 1ill not be needed

e can see at this point that if  contains a colu n ith no 2 ent y, then colu n can be
e o ed since it i1s not in any co panion pai he e ill be a solution fo if and only if
the e i1s a solution on the e ainin colu ns, and all pai s of colu ns in a e pph pai s

ence, eassu efo this point that e e y colu n contains at least one 2 ent y

o a enotype at i , define an associated aph abb e
1ated as follo s he e te set is the set of colu nsin he ea et osets
of ed es colu n pai if and only if the e 1s a fo cin patte n in and



2 |2
212
ilue sub at i desc ibin a path in containin ithe
o
aeco panioncolu ns o espondin ly, a colu n pai if a e co panion colu ns,
but does not ha e a fo cin patte n e use to denote the aph ith the
sa e sets of nodes, but ith ed e set est icted to
n the follo in , e 1illsho that theed esfo ha e any est ictin p ope ties
onside a t ian le in fo ed by colu ns in f the
ed e fo edbyany pal isin ,theee istsa o ith 2
ssu e othe 1ise lo | let Since all pai s a e co panions by defim
tion ,the e uste ist o s ith the follo in p ope ties
1 2
2 2
2
hen, fo Le a , the sub at 1 contains the fo cin patten 22 |, hee
0 1 ,acont adiction
he follo in 1is the ey theo e desc ibin the ed es fo in t says that hile
can ha e cycles of a bit a y len th containin only ed es f o , cycles of len th eate than
containin ed es f o , ust ha e cho ds in the
ea ian ulation n ,e eycycle of len th eate than that
has an ed e f o , contains a cho d
ssu e to the cont a'y Let be an ed e in a cho dless cycle of len th
Let bead acent to ,and  be ad acent to  in the cycle s a e co panion
colu ns,the ee ist o s such that 2, such that 2,
and such that 2 ote that 2 as the eisnoed e chod bet een and
Li e ise 2 Seefi ue hus contains the patten 2 2 ith 01
By Le a , , a cont adiction
n , conside a cycle of len th o o e that contains nodes
Let ed e hen, eithe , 0
onside a enotype at i hich has at least one solution Let be an
any of the solutions fo , and be the indicato function defined by Let  be any
sin le connected co ponent of hen 1 o ith desc ibed in 1 ue  sets
an alue fo each ed e in |, and those alues a e p ecisely the alues of
e fi st sho that the al o ith setsan  aluefo eached ein lea ly, 1t does so fo

each ed e in et esho that aslon as 1snot set fo alled esin |, the e e ists a t iple
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iue 1 o ith ta es as input an Genotype at 1 ,and a sin le co ponent
of , and outputs an indicato function fo the ed esin

that a e pai ise co panions such that and ha e been set but
is not set o see this, let contain the set of ed es f o hose alues ha e been
set  onside the aph Since the ed es of by the sel es connect all the nodes in |
and , the e 1s a path in bet een the endpoints of any ed e in Let
be such that is not set, and the path in bet een its endpoints has as fe ed es as
any path in bet een the endpoints of an ed e in hose alue has not yet been set e
clai that the path bet een and in isoflen tht o fitisla e thant o, then let
and especti ely denote the nei hbo s of and  on that path By o ollay , eithe o}
isan ed e in f the alue of that ed e has been set, then the path in bet een

and isoflen tht oasclai ed fitis notset, then that ed eisin  and has a sho te path
in bet een its endpoints than does , a cont adiction  ence, can be set,
and the al o ith does set the indicato function fo each ed e in

Let be the indicato function set by al o ith ene tsho that, ,

he p oof is by induction on the nu be of alues set by the al o ith lea ly, fo each
, ehae nducti ely, assu e that fo e ey
al eady set by the al o ith onside ed e he e 18
to be set Let colu n be pic ed by the al o ith such that both and ae
al eady set usin the induction hypothesis, and
o , Le a 7 establishes the e e ists a o ith 2  ence, since
the indicato function is defined by a solution, Le a 2 can be applied, establishin
that thus,

n any sin le connected co ponent  of the alues of the ed es in
aein ailant o e all solutions, and these alues a e co pletely dete ined by the alues
on the ed es of in his also sho s that the non dete inis in al o ith is of no
conse uence

f each connected co ponent of is a connected co ponent of
, then the solution is uni ue if the e is one 0 eo e, that solution 1ll be found by
applyin al o ith to each connected co ponent

10



ecan no state a e y useful special case he e the solution is uni ue, if one e ists n p actical
haplotypin p oble s, it is aluable to ha e uni ue solutions, so easy identification of uni ueness 1s
1 po tant

feeycolu nof contains at least one 0 and one 1 ent y, then the e is eithe

no solution fo , 0 the e is e actly one solution
ssu e that e e y pai of colu nsis a pph pai if not then has no solution
ep o ethat e e y connected co ponent of is a connected co ponent of

e sho that by sho in thatin ,e ey co panion pai of colu ns he e each hasa 0 and a 1

a e eithe fo ced e uated o fo ced ne ated
onside a co panion pai of colu ns fall0sin a e opposite 0sin and all 1sin

a e opposite 1 sin , then and ae foced e uated So 1o assu ethat so e0in s
opposite eithe a1l o a2in the othe case is sy et ic he efo e, the e 1l be a 01l o in
e e y e pansion of o conside the 0sin fany 0 in  1s opposite a1l o a 2 in , then
e e y e pansion of illha eal0 o and a0l o ,so ill be fo ced ne ated encee ey
0in isoppositealin So, eno no thattheeisall o anda00 o ine eye pansion
of o conside a 1 entyin colu n f it is opposite a 1 in , then and a e fo ced
e uated fitis opposite a 0 in | then and a e fo ced ne ated, and if it 1s opposite a 2, then
the e is a co plete pal sub at 1 in , a cont adiction  he theo e mno follo s by applyin

oollay 12

he ooted e sion of heoe 1  as established in sin ethods discussed the e, the
uni ue solution can be found in ti e, hen eithe e sion of this theo e applies

n the p e ious section, e sho ed that the alue fo any ed e inside a connected co ponent of
is in a iant o e all solutions  ence the only a iability in the solutions a e
in the alues of ed es that ¢ oss co ponents of t follo s also that if the e is o e
than one connected co ponent of , then each of those co ponents can be sol ed
independently of the othe s So, assu ef o this point that has only one connected
co ponent and that co ponent contains o e than one co ponent of
onceptually, sh in  each co ponent of to a sin le node, c eatin a  ulti  aph
denoted ote that each ed e in  isin hoose an a bit a y spannin t ee of |, and let
be the ed es in ote that if an ed ¢ 1s one of se e al pa allel ed esin , and 1isin ,
then none of the othe ed es pa allelto a ein

onside a enotype at i hich has at least one solution Let be an

any of the solutions fo , and be the indicato function defined by hen the

alues fo the ed es in dete ine the alues fo all the ed es of in

1 st, conside an ed e of and a o in such that and aeco panion
colu nsfo o e pandstot o o sin ,each only containin O0sand1ls f eappend those
t obinay o sto ,andto ,then the ne isa solution to the ne u the ,e ey
pai that as p e iously in e ains in the ne ith the sa e fo ced alue o e e, the
pai hich had p e iously been in isno in , and the fo ced alue is dete  ined
by hethe and a ee uated o ne ated in he ey point is that no all the nodesin a e
in a sin le connected co ponent of the ne , and so the conditions of o olla y 11 apply,

and the heo e follo sfo that application

11



Let be the nu be of ed es in hen the nu be of solutions to the

p oble isat ost 2

ach solution dete ines e actly one indicato function, and those indicato alues

a e in alant e cept fo ed es of Since the settin of the ed es in dete ine the othe

settin s, the e can be at ost 2 indicato functions dete ined by solutions, and hence at
ost 2 solutions

o an Instance | eithe the e a e no solutions to the p oble fo , 0
any a bit a y settin of the alues fo the ed es in defines a solution  ence the e a e
e actly 2 solutions, if the e a e any

ssu e has a solution Let be an any solution fo , and be the
indicato function defined by Let be any ed e in , and let be the subset of ed es of
that ¢ oss the cut c eated by ¢ oin ede fo tee ote that 1isin and that all ed es
in aein
o} odify by e e sin thesettin ofe e yed ein eclai that this 1 es aluesfo
the indicato function hich satisfy heo e , and hence define anothe solution 1 st, since
all ed es in aein , the settin fo e ey ed ein is unchan ed e t conside a t ian le
in  such that 2 fo so e f none of those ed es a e
in , then the indicato settin fo the 1is unchan ed, and the second condition of heo e 18
satisfied, since it asin the 1ise, the t ian le wust containe actlyt oed esfo , since
those ed es fo  a cycle that c osses a cut ocus on the ed e in the t ian le that is not in f
is set to 1 in , then e actly one of the othe t o ed esisset to 1 and the othe to 0 f s
set to 0 in , then eithe both of the othe ed es a e set to 0, o both a e set to 1 n all of these
cases, the second condition of heo e is satisfied afte the chan e in indicato functionis ade
ence the e is a solution co espondin to the ne settin of the indicato function  his
p o es the theo e | since any a bit a y settin of the indicato function fo the ed es in can be
c eated by successi e ed e chan es, and by the abo e a u ent, each such chan e leads to a
solution

Gi en heoe 1 ,thebest ecanconcludeinte sof isthat the p oble hasat ost
2 solutions eno p o e a bound that f e uently ill bes alle fo eal data his bound is
of inte est both because it educes the nu be of solutions, and because it can be t 1 1ally co puted
in p actice by hand

f  has colu nsthat each contain botha0andal anda2byp io assu ption ,
then has at ost 2 solutions

By the p oof of heo e 1 ,the colu nsof hich each contain both a0 and a 1, a e

pa titioned into disconnected co ponents of , and each 1s a connected co ponent

of ence, the e a e no ed es of hich touch any node ep esentin such a colu n

he efo e, the ed esin fo  aspannin t ee that can contain at ost nodes, and hence

1

o the ooted p oble ith input and | this theo ¢ speciali es to the follo in if

is the nu be of colu ns containin an ent y hich is opposite to the ancest al state fo that
colu n, then the nu be of solutions ooted at is at ost 2

1 o ith co ectly finds a solution, if the e is one

o o olla y 12, it follo s that the al o 1th sets the indicato function co ectly
on the ed es in each co ponent of ssu e lo  that has a sin le
co ponent o ,the p ocess of settin the indicato function alue on the ed es in to 0 can be

12



A rt

t A
t t lu fu f lu
A rt
t
1
f
1 f f f lu f
1 lu u u
t t u u
iue 1 o ith ta es as input an Genotype at 1 and outputs an indicato
function
thou ht of as o in these ed es fo to he esultin aph has a sin le co ponent
hen est icted to the ne set o} o olla y 12, if the e is a solution fo , the al o ith
co ectly finds it lso, f o heo e 1 ,it follo sthat if a solution does not e ist fo this settin
of the ed es f o , then no othe settin of the indicato function on the ed es f o o s

eithe , and thus no solution e ists

n this section, e discussi ple entationissues ith espect to settin the ed es and alidatin the
output haplotype at 1 1 st, note that alidatin that an binay ati1 satisfies a
pe fect phylo eny can be done ti e ,7 hecitical co ponentsof 1 o ith -
a e the p ocedu es and , hich a e desc ibed belo he pseudo code desc ip
tionis 1enin iue and iuef7
he p ocedu e see 1 ue const ucts the enotype aph fo
the input enotype at 1 e y pal of colu nsis chec ed to see if it is a pai ote that
if the e is a pai that is not a pai , then no solution e ists o co panion pai s , the ed e
if the o s that a e not co panion o s fo , e pand to p oduce eithe 00 11 o
01 10 fo co panion pai s , othe ise ftheed eisin | then its alue 1s
set 1 o 0 app op iately uns in
he p ocedu e sets the alues fo the ed es in t ope ates on each connected
co ponent of sepa ately  ach connected co ponent contains co ponents of as
sub aphs and thus can be handled usin the obse ations ade in Section is a Depth
ist Seach D S li ep ocedu e thatt a e ses usin only the ed esin Since the t a e sal
isdone usin onlyed esin , unli et aditional D St ees, ou D St ee can ha e both bac ed es
and c oss ed es a bac ed eisin he eas a c oss ed e is in
Let  denote the set of nodes isited so fa 1in the cu ent connected co ponent of bein
p ocessed and  denote the cu ent path in the D S t ee fo this co ponent e use set to
denote the set of ed es that putati ely belon to the spannin t ee  of he e  is defined as
in Section o anode , euse to denote the pa ent of inthe D St ee and to
denote the child of in the cu ent path ofthe D Stee nou D St a esalpocedu e, at the
end of 1isitin anode , e ill ha e set the alueof e e yed e he e



Suppose e aecatanode inthe D Ste hen eadd toboth and e fi st p ocess
all befo e p ocessin o each net hbo of , echec toseeif
isabac ed e ie o acossed e ie but f has not been seen befo e ie
, then is neithe and is added to thus contains ed es such that one node of the
ed e is not cu ently in the co ponent
onside the case hen is a bac ed e and has not been set  ote that the e
is a cycle in containin the ed e o} oollay |, eithe
o} f it is the fo e , then is al eady set as e isited
befo e hus, pe pe f it 1s the late and has not
been set yet, then e push onto a stac , and set n this ay, et a e se the path
sta tin at ,till e eacha fo hich eithe isseto pe nce this
happens, then is epeatedly popped say denotes the ele ent that is popped and is set
to ne t ne t Iso, e e y ti ethe alue is set fo an ed e, thised eis e o ed
fo if it is p esent in
he case hen isac oss ed eisalsohandledin asi ila fashion usin the obse ation
of oollay and asi ila stac data st uctue n this anne,eeyedefo that oes
bet een t o nodes of the sa e co ponent in can handled nce such a co ponent is
p ocessed, then e pic so eed e fo , and set 0 ote that and belon
to di e ent co ponents in Suppose e ha e ust p ocessed the co ponent containin
node fo the D Sal oith to p ocess the co ponent of containin , eassi n
to bein | and p oceed to conside the bac ed es and ¢ oss ed es as abo e
he co plete pseudo code desc iption is 1 enin 1 ue7  ote that e e y node and ed e in
is isited at ost a constant nu be of ti es uthe o e, 1t i1s possible to 1 ple ent the

push, pop, and e o e ope ations fo in constant t1i e fo each ed e usin aco bination of an
ad acency at i1 and a doubly lin ed list  hus the total ti e fo 18
this 1s onse uently, the unnin ti eof 1 oith is bounded by

e ha e desc ibed an al oith fo S haplotypin that is si ple to 1 ple ent and e cient
s buildin the aph is no the co putational bottlenec , the ob ious open technical p oble is
hethe it can be built in ti e e con ectu e that is achie able fo this al o ith
he e ae any al o ith s in the lite atu e See 2,1 fo e a ples hich o ell in
p actice, but 1 e no wua antees about the esultin haplotype ati n p actice, people use one
o o e of these al o ith s and then test to see if the esultin haplotype ati fo s a pe fect
phylo eny  u solution atte pts to tu n this a ound by fi st testin to see if a p efect phylo eny
solution is possible f noneis, e can eso t toinfe in haplotypes usin othe  ethods

1 la eiss, and D ic e son et al aplotype st uctu e and population enetic
infe ences f o nucleotide se uence a iation in hu an lipop otein lipase
, 12,1
2 nde la nfe ence of haplotypes f o a plified sa ples of diploid populations
, 7111 122,10
Daly,J iou ,S Scha ne , udson, and  Lande 1 h esolution haplotype st uctu e
in the hu an eno e , 2 22 22,2001
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